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How lean can lean buffers be?
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This paper provides a quantitative characterization of the smallest, i.e., lean, buffer capacity necessary and sufficient to attain a desired
throughput in serial production lines with identical exponential machines. The development is carried out in terms of normalized
buffer capacity and production line efficiency. The smallest normalized buffer capacity required to ensure the desired line efficiency
is referred to as the Lean Level of Buffering (LLB). Exact formulas for the LLB in two- and three-machine lines are presented and
an approximate expression for the LLB in lines with more than three machines is derived. Along with these analytical results, several
qualitative insights into the nature of lean buffering in serial production lines are presented.

1. Introduction

Production lines with unreliable machines usually contain
in-process buffers intended to decouple the machines and
thereby reduce their mutual interference due to break-
downs. In the modern manufacturing environment, the
buffers should be as small as possible, i.e., lean. But how
lean can lean buffers be? In other words, how small can in-
process buffers be to ensure the desired production rate of
the overall system? The purpose of this paper is to provide
a quantitative answer to this question.

To accomplish this, we consider serial production lines
with unreliable machines and exponentially distributed up-
and downtime (see Section 3 for precise model and prob-
lem formulation). The capacity of the buffer is quantified
in units of average downtime. For instance, “k-downtime
buffer” denotes the capacity of a buffer capable of storing
the number of parts produced during k average downtimes.
The number k is referred to as the level of buffering, LB. The
overall line efficiency, E, is quantified as the ratio of the pro-
duction rate of the line with LB equal to k to that of the line
with an infinite LB. The question addressed is: how small
can k be so that the desired line efficiency E is achieved?
The smallest, i.e., lean, k that guarantees E is denoted as
kE and is referred to as the lean level of buffering, LLB.

In this paper, we develop quantitative methods for calcu-
lating lean level of buffering in serial production lines with
machines having exponentially distributed up- and down-
time. More specifically, we derive closed formulas, which
quantify LLB as a function of system parameters.
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Along with quantitative results, the paper provides sev-
eral insights concerning lean buffering in serial lines with
identical exponential machines. These include:
� LLB depends on three variables: (i) line efficiency, E; (ii)

the number of machines in the system, M; and (iii) ma-
chine efficiency, e (defined as the ratio of the average up-
time to the sum of the average up- and downtime).

� Lean systems need no buffering if and only if e ≥ E
1

M−1 .
� LLB is a concave function of the machine efficiency, e,

reaching its maximum at around e = 0.5E
1

M−1 .
� LLB is a monotonically increasing function of the line

efficiency, E, with increasing growth rate, approaching
infinity as E → 1.

� LLB is a monotonically increasing function of the num-
ber of machines in the system, M, but with a decreasing
growth rate. As a result, LLB for 15-machine lines is prac-
tically sufficient for lines with any M > 15.
The outline of this paper is as follows: Section 2 describes

the related literature. In Section 3, the model of production
systems under consideration is introduced and the problem
of selecting LLB is formulated. The method of analysis
is described in Section 4. Sections 5–7 present the main
results. Discussions and extensions are in Section 8. The
conclusions are formulated in Section 9. The proofs are
given in the Appendix.

2. Related literature

Buffer capacity allocation in production lines has been stud-
ied quantitatively for over 50 years and numerous publica-
tions are available. The remarks below are intended to place
the current research in the framework of this literature.
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Fig. 1. Classification of the literature on the buffer capacity allo-
cation problem.

The literature on in-process buffer capacity allocation
can be classified as shown in Fig. 1. There are two different
formulations. Formulation 1 seeks the optimal allocation of
an a-priori given total buffer capacity, N∗, so that through-
put is maximized. Formulation 2 seeks the smallest N∗ and
its allocation so that an a-priori given desired throughput is
achieved (if at all possible). Each of these formulations may
have two methods of solution: (i) algorithmic; and (ii) rule-
based. Algorithmic methods lead to a computer code that
provides a solution to a corresponding formulation. Rule-
based methods give simple rules for either the best or good
(i.e., near-optimal) solution of each formulation. Represen-
tative publications on the algorithmic solution of formula-
tion 1 include Soyster et al. (1979), Altiok and Stidham
(1983), Caramanis (1987), Chow (1987), Yamashita and
Suzuki (1987), Smith and Daskalaki (1988), Jafari and
Shantikumar (1989), Park (1993), Plambeck et al. (1993),
Liu and Lin (1994), Seong et al. (1995), Harris and Powell
(1999), and Tempelmeier (2003); the rule-based solutions
are discussed in Freeman (1964), Sheskin (1976), Goldratt
and Cox (1986), Hillier and So (1991a), Powell (1994),
Jacobs and Meerkov (1995), Powell and Pyke (1996), and
Chiang et al. (2000), respectively.

Formulation 2 has received much less attention. In fact,
only a few recent papers propose its algorithmic solution
(Gershwin and Goldis, 1995; Yamashita and Altiok, 1998;
Gershwin and Schor, 2000). Rule-based approaches have
been discussed in Buzacott (1967), McClain et al. (1988),
and Enginarlar et al. (2002). Buzacott (1967) associates

Fig. 2. Serial production line.

buffer capacity allocation with the average downtime and
states that buffering beyond five-downtime can hardly be
justified. McClain et al. (1988) also connect buffer alloca-
tion with downtime. They show that one-downtime buffer-
ing is sufficient to regain about 50% of production losses if
the downtime is deterministic. They suggest that random
(exponentially distributed) downtime may require twice this
capacity to result in comparable gains. Enginarlar et al.
(2002) provide an analytical expression for LLB in two-
machine lines and use a numerical procedure to evalu-
ate LLB in longer lines. The current paper is intended to
provide additional results in the direction established by
Buzacott (1967), McClain et al. (1988), and Enginarlar et al.
(2002) by deriving closed formulas for LLB in serial lines
with any finite number of exponential machines and pro-
viding several insights into the nature of lean buffering in
manufacturing systems.

Another line of research on buffer capacity allocation is
related to the so-called storage bowl phenomenon (Hillier
and So, 1991b). According to this phenomenon, more
buffering should be assigned to middle machines in produc-
tion lines with identical machines. It can be shown, how-
ever, that unbalancing the buffering results in only 1–3% of
throughput improvement, if at all. Since this improvement
is quite small, the present study does not consider bowl-
type storage allocations and assigns equal capacity to all
buffers if the machines are identical.

3. Problem formulation

3.1. Model

The block diagram of the production system considered
in this paper is shown in Fig. 2, where the circles represent
the machines and the rectangles are the buffers. Although
the development reported here can be carried out using
various assumptions on the machines and buffers, and sim-
ilar results can be obtained, we adopt the so-called flow
(Gershwin, 1994) model with deterministic processing time,
where the material processed is viewed as the flow of a fluid
and processing of one part requires a fixed time (referred to
as the machine cycle time). This model is appropriate when
the average up- and downtime of the machines are much
larger than the cycle times. This often takes place in ma-
chining and assembly lines in large volume manufacturing
systems.

Specifically, we define the production line under consid-
eration by the following assumptions:
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1. Each machine mi, i = 1, . . . , M, has two states: up and
down. When up, the machine is capable of processing
one part per cycle time. The cycle times of all machines
are the same.

2. The up- and downtimes of each machine are random
variables distributed exponentially with breakdown and
repair rates p and r , respectively and independently of
the buffer occupancy. Both p and r are in units of 1/(cycle
time).

3. Each buffer is capable of storing N parts, 0 ≤ N ≤ ∞.
The capacity N = 0 implies that the amount of work
produced during infinitesimal interval δt (in units of cy-
cle time) is immediately transferred to the subsequent
machine, if it is up. The capacity N > 0 implies that the
work processed by a machine during δt is placed in the
subsequent buffer, if it is not full.

4. Machine mi, i = 2, . . . , M, is starved at time t if it is up
at time t , buffer bi−1 is empty at time t and mi−1 does
not place any work in this buffer at time t . Machine m1
cannot be starved.

5. Machine mi, i = 1, . . . , M − 1, is blocked at time t if it
is up at time t , buffer bi is full at time t and mi+1 fails to
take any work from this buffer at time t . Machine mM
cannot be blocked.

Remarks:
� Assumptions (1)–(3) imply that all machines are identical

and all buffers are of equal capacity. We make these as-
sumptions in order to provide a compact characterization
of lean buffering.

� Assumption (2) implies, in particular, that the time-
dependent failures, rather than the operation-dependent
failures, are considered. Although the latter are, perhaps,
more prevalent in practice, the former lead to a simpler
analysis. Since for most practical values of machine and
buffer parameters the two failure modes exhibit simi-
lar performance (Buzacott and Shantikumar, 1993), we
adopt here the simpler version.

� Assumption (2) implies, in particular, that the average
up- and downtime of the machines (Tup and Tdown) are
measured in units of cycle time, and the efficiency of each
machine in isolation is:

e = r
r + p

= Tup

Tup + Tdown
. (1)

Q(p1, r1, p2, r2, N1) =




(1 − e1)(1 − φ)
1 − φ exp{−βN1}, if

p1

r1
�= p2

r2
,

p1(p1 + p2)(r1 + r2)
(p1 + r1)[(p1 + p2)(r1 + r2) + p2r1(p1 + p2 + r1 + r2)N1]

, if
p1

r1
= p2

r2
,

(6)

φ = e1(1 − e2)
e2(1 − e1)

,

β = (r1 + r2 + p1 + p2)(p1r2 − p2r1)
(r1 + r2)(p1 + p2)

. (7)

3.2. Parametrization and problem formulation

As was mentioned in the Introduction, it is convenient to
represent the buffer capacity in units of average downtime.
This representation is referred to as the level of buffering
and is defined by:

k = N
Tdown

. (2)

Another normalization used in this work is referred to
as the line efficiency, E. It is introduced as follows. Let PRk
denote the production rate (i.e., the average number of parts
produced by the last machine per cycle time) of the line
when the level of buffering is 0 ≤ k < ∞. Let PR∞ denote
the production rate of the same line with infinite capacity
buffering. Then:

E = PRk

PR∞
. (3)

Obviously, 0 < E < 1. The smallest LB necessary to ensure
the desired E is referred to as the lean level of buffering and
denoted as kE.

The problem addressed in this work is: given the produc-
tion line defined by assumptions 1–5, develop a method for
calculating kE.

A solution to this problem is given in Sections 5–7.

4. Approach

The analysis described in this work is based on a technique
for production rate evaluation developed in Chiang et al.
(2000). This technique is applicable to serial lines defined
by assumptions (1–5) even if the machines and buffers are
non-identical, i.e., each machine mi has its up- and down-
time distributed exponentially with parameters pi and ri,
respectively, i = 1, . . . , M, and each buffer bi has the capac-
ity Ni, i = 1, . . . , M − 1. This technique is briefly outlined
below (see Chiang et al. (2000) for details).

In the case of two-machine lines, the production rate, PR,
is calculated according to the following formula:

PR = e2[1 − Q(p1, r1, p2, r2, N1)],
= e1[1 − Q(p2, r2, p1, r1, N1)], (4)

where ei, i = 1, 2, is the machine efficiency

ei = ri

ri + pi
, (5)

and function Q(p1, r1, p2, r2, N1) is given by
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Function Q(p2, r2, p1, r1, N1) is obtained from
Q(p1, r1, p2, r2, N1) by replacing all quantities with
subscript “1” (respectively, “2”) by the similar quantities
with subscript “2” (respectively, “1”). As is indicated
in Chiang et al. (2000), function Q(p1, r1, p2, r2, N1)
represents the probability that the buffer is empty whereas
function Q(p2, r2, p1, r1, N1) gives the probability that the
buffer is full.

For M > two-machine lines, PR is evaluated using an it-
erative aggregation procedure based on Equations (4)–(7).
This procedure consists of the so-called backward and for-
ward aggregation. In the backward aggregation, the last
two machines are aggregated into a single machine mb

M−1

defined by parameters pb
M−1 and rb

M−1. Then mb
M−1 is aggre-

gated with mM−2 to result in mb
M−2, which is then aggregated

with mM−3 to give mb
M−3, and so on until all the machines

are aggregated into mb
1. In the forward aggregation, m1 is

aggregated with mb
2 to produce mf

2, which is then aggre-
gated with mb

3 to give mf
3 and so on until all the machines

are aggregated into mf
M . Then the process is repeated anew.

Formally, this recursive procedure can be represented as
follows:

pb
i (s + 1) = p

1 − Q
(
pb

i+1(s + 1), rb
i+1(s + 1), pf

i (s), r f
i (s), Ni

) , 1 ≤ i ≤ M − 1,

rb
i (s + 1) = 1

/(
Q

(
pb

i+1(s + 1), rb
i+1(s + 1), pf

i (s), r f
i (s), Ni

)
p

+ 1
r

)
, 1 ≤ i ≤ M − 1, (8)

pf
i (s + 1) = p

1 − Q
(
pb

i−1(s + 1), r f
i−1(s + 1), pb

i (s + 1), rb
i (s + 1), Ni−1

) , 2 ≤ i ≤ M,

r f
i (s + 1) = 1

/(
Q

(
pf

i−1(s + 1), r f
i−1(s + 1), pb

i (s + 1), rb
i (s + 1), Ni−1

)
p

+ 1
r

)
, 2 ≤ i ≤ M,

with boundary conditions

pf
1(s) = p, r f

1(s) = r, pb
M(s) = p,

rb
M(s) = r, s = 0, 1, 2, . . . , (9)

and initial conditions

pf
i (0) = p, r f

i (0) = r, i = 2, . . . , M − 1, (10)

where function Q is defined by Equations (6).
The recursion of Equations (8)–(10) is convergent and

the following limits exist:

lim
s→∞ pf

i (s) =: pf
i , lim

s→∞ pb
i (s) =: pb

i ,

lim
s→∞ r f

i (s) =: r f
i , lim

s→∞ rb
i (s) =: rb

i , i = 1, . . . , M. (11)

Using these limits, the estimate, PR, of the production rate
is defined as follows:

PR(p1, r1, p2, r2, . . . , pM, rM, N1, N2, . . . , NM−1)
= ef

M = eb
1 = ef

i

[
1 − Q

(
pb

i+1, rb
i+1, pf

i , r f
i , Ni

)]
= eb

i+1

[
1 − Q

(
pf

i , r f
i , pb

i+1, rb
i+1, Ni

)]
, (12)

= e
[
1 − Q

(
pb

i+1, rb
i+1, pf

i , r f
i , Ni

)]
× [

1 − Q
(
pf

i−1, r f
i−1, pb

i , rb
i , Ni−1

)]
,

where

ef
i = r f

i

r f
i + pf

i
, eb

i = rb
i

rb
i + pb

i
, i = 2, . . . , M − 1, (13)

and e is defined by Equation (1).
It is shown in Chiang et al. (2000) that Equation (12) pro-

vides an accurate estimate of the production rate, typically
within 1 − 2% of its value determined by simulations.

Equations (4)–(13) are used below to evaluate kE.

5. Lean buffering in two-machine lines

When p1 = p2 = p and r1 = r2 = r , Equation (6) simplifies
to:

Q(p1, r1, p2, r2, N1) = Q(p, r, N)

= 2p
(p + r )[2 + (p + r )N]

.

Therefore, it follows from Equation (4) that the equation
that defines NE, i.e., the lean buffer capacity necessary and
sufficient to ensure line efficiency E, can be written as fol-
lows:

PR = Ee = e[1 − Q(p, r, NE)].
Solving for NE results in

NE =



2(1 − e)(E − e)
p(1 − E)

, if e < E,

0, otherwise.
(14)

Since kE = NE/Tdown = rNE, we obtain:

Proposition 1. (Enginarlar et al., 2002): In two-machine
lines defined by assumption 1–5, the lean level of buffering is
given by:

kE(M = 2) =



2e(E − e)
1 − E

, if e < E,

0, otherwise.
(15)

Figures 3(a) and 4(a) show the behavior of kE as a
function of e and E, respectively. From these figures and
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Fig. 3. Lean level of buffering as a function of machine efficiency when: (a) M = 2; (b) M = 3; and (c) M = 10.

Equation (15) we observe:
� LLB is a quadratic function of e, increasing for e < 0.5E

and decreasing for e > 0.5E.

kE(M = 3) =




(e + e
√

E − 2)(1 + √
E)(1 − e

√
E)e

√
E

(1 − √
E)[e

√
E(2 − e − e

√
E) + (1 − e)(1 + √

E)(1 − e
√

E)]
ln

(
1 − e

√
E

(1 − e)(1 + √
E)

)
, if e <

√
E,

0, otherwise.

(16)

� LLB does not depend explicitly on Tup and Tdown.
� If E > e, the lean system must contain buffering. For in-

stance, if e = 0.85 and E = 0.95, LLB is approximately
three downtimes.

� If E ≤ e, the lean system needs no buffering. For example,
if e = 0.85 and E = 0.85, N = 0 is acceptable.

� LLB is a monotonically increasing function of E with
hyperbolically increasing rate, approaching infinity when
E → 1.

6. Lean buffering in three-machine lines

Since no closed formula for PR in three-machine lines is
available, kE(M = 3) cannot be evaluated using arguments
similar to those of Section 5. However, based on the re-

Fig. 4. Lean level of buffering as a function of line efficiency when: (a) M = 2; (b) M = 3; and (c) M = 10.

cursive aggregation procedure of Equations (8)–(10), the
following can be proved:

Proposition 2. In three-machine serial lines defined by as-
sumptions 1–5, the lean level of buffering is given by:

Proof. See the Appendix. �
Figures 3(b) and 4(b) show the behavior of kE(M = 3) as

a function of e and E, respectively. From these figures and
Equation (16) we observe:
� Although kE(e) is not quadratic, its qualitative behavior

is similar to a parabola, reaching its maximum around
e = 0.5

√
E.

� LLB again is independent of Tup and Tdown explicitly.
� If

√
E > e, a lean system must be buffered. For example,

if e = 0.85 and E = 0.95, LLB is roughly six. If e = 0.85
and E = 0.85, LLB is close to one; note that for M = 2,
this case required no buffering.

� If
√

E ≤ e, the lean system needs no buffering. Since 0 <

E < 1 and, therefore,
√

E > E, the region of e’s where no
buffer is needed is smaller than that for M = 2.
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� LLB is monotonically increasing as a function of E, with
an increasing rate.

7. Lean buffering in lines with more than three machines

Unlike the two- and three-machine cases, no exact closed
formula for kE(M > 3) can be derived. However, based on
the recursive aggregation procedure of Equations (8)–(10),
the following can be proved:

Proposition 3. In M > 3-machine serial lines defined by as-
sumptions 1–5, the lean level of buffering is given by:

kE(M > 3) =




e(1 − Q)(eQ + 1 − e)(eQ + 2 − 2e)(2 − Q)
Q(2e − 2eQ + eQ2 + Q − 2)

ln
(

E − eE + eEQ − 1 + e − 2eQ + eQ2 + Q
(1 − e − Q + eQ)(E − 1)

)
, if e < E

1
M−1 ,

0, otherwise,
(17)

where

Q = Q
(
pf

M−2, r f
M−2, pb

M−1, rb
M−1, N

)
, (18)

is defined by Equations (6) and (7) and pf
M−2, r f

M−2, pb
M−1,

rb
M−1 are the steady states of the aggregation procedure of

Equations (8)–(10).

Proof. See the Appendix. �

It follows from Chiang et al. (2000), that Equation (18) is
an estimate of the probability that buffer bM−2 is empty. This
function can be evaluated using the recursive procedure of
Equations (8)–(10). The behavior of Q is illustrated in Fig.
5(a–c) as a function of e for several values of E and M = 10
(solid lines). This behavior implies that Q, as a function of
e, can be approximated by the expression:

Q̂ = a + bexp
{
−α − e

β

}
, (19)

where a, b, α and β are functions of E and M to be selected
so that the approximation is sufficiently precise. We derive
this approximation as follows:

Fig. 5. The behavior of functions Q and Q̂ against e when: (a) M = 10, E = 0.85; (b) M = 10, E = 0.9; and (c) M = 10, E = 0.95.

For M = 3 and any e, function Q can be calculated in
the closed form as (see the proof of Proposition 2 in the
Appendix):

Q = 1 −
√

E. (20)

For any M and e = E
1

M−1 (i.e., when no buffering is re-
quired), function Q again can be easily calculated as:

Q = 1 − E
M−2
M−1 . (21)

Finally, if we assume that kE(e) is a parabolic function
reaching its maximum at:

e = 1
2

E
1

M−1 ,

then function Q can be evaluated as:

Q ≈ 1 − E
1
2 [1+( M−3

M−2 )M/4]. (22)

Using these expressions, we select a, b and α of Equation
(19) as follows:

a = 1 − E
1
2 [1+( M−3

M−1 )M/4],

b = E
1
2 [1+( M−3

M−2 )M/4] − E
M−3
M−1 , (23)

α = E
1

M−1 .

To select β, we observe that smaller values of E require
larger time constants of the exponential behavior of Q as a
function of e. By trial and error, we found that this can be
captured by selecting β as:

β = 1 − E. (24)

Thus, we obtain the following approximation of Q:

Q̂ = 1 − E
1
2 [1+( M−3

M−1 )M/4] + (
E

1
2 [1+( M−3

M−1 )M/4] − E
M−2
M−1

)
× exp

{
−

(
E

1
M−1 − e
1 − E

)}
. (25)
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Table 1. Accuracy of approximating Q by Q̂ (percent of error)
when M = 5

e E = 0.85 E = 0.9 E = 0.95

0.1 3.38 3.28 3.13
0.2 3.23 3.15 3.06
0.3 3.03 3.01 2.99
0.4 2.76 2.77 2.83
0.5 2.46 2.59 2.79
0.6 2.27 2.28 2.49
0.7 2.10 1.96 2.14
0.8 1.85 1.81 1.36
0.9 3.53 2.89 0.95

Note that for M = 3 this expression coincides with Equa-
tion (20) whereas for e = E

1
M−1 it coincides with Equa-

tion (21).
The behavior of Q̂ is shown in Fig. 5(a–c) by broken

lines. Quantitatively, the accuracy of this approximation
(i.e., (Q − Q̂)/Q) × 100%) is characterized in Tables 1–3.
As one can see, it is within 4%. Since this is commensurable
with the accuracy of the data available in most practical ap-
plications, we conclude that Equations (25) and (17) where
Q̂ is substituted for Q, i.e.:

k̂E(M > 3) =




e(1 − Q̂)(eQ̂ + 1 − e)(eQ̂ + 2 − 2e)(2 − Q̂)

Q̂(2e − 2eQ̂ + eQ̂2 + Q̂ − 2)
ln

(
E − eE + eEQ̂ − 1 + e − 2eQ̂ + eQ̂2 + Q̂

(1 − e − Q̂ + eQ̂)(E − 1)

)
, if e < E

1
M−1 ,

0, otherwise,
(26)

provide a closed, however approximate, formula for LLB in
M > three-machine case. Note that for M = 3, Equations
(25) and (26) coincide with Equation (16).

Equations (25) and (26) define k̂E as a function of three
variables: e, E and M. For a fixed M, this function is qual-
itatively similar to those for M = 2 and 3. The solid lines
in Figs. 3(c) and 4(c) show this function for M = 10; the
dashed lines, which almost overlay with the solid lines, show
the values of kE (calculated according to the recursive pro-
cedure of Equations (8)–(10) and Equations (17) and (18)).
Obviously, LLB increased significantly and the area of no

Fig. 6. Lean level of buffering as a function of M, approximated (solid lines) and exact (dashed lines) when: (a) e = 0.85; (b) e = 0.9;
and (c) e = 0.95.

Table 2. Accuracy of approximating Q by Q̂ (percent of error)
when M = 10

e E = 0.85 E = 0.9 E = 0.95

0.1 0.75 0.48 0.24
0.2 0.52 0.32 0.16
0.3 0.29 0.12 0.04
0.4 0.07 0.11 −0.11
0.5 −0.25 −0.40 −0.26
0.6 −0.19 −0.69 −0.58
0.7 −0.35 0.87 −1.07
0.8 0.76 0.60 −1.83
0.9 2.72 1.16 −2.81

buffering decreased in comparison with the M = 3 case.
For instance, if E = 0.9, the smallest e that ensures this E
without buffers is 0.9884.

Equations (25) and (26) can be used to analyze the
behavior of k̂E as a function of M. This behavior is il-
lustrated in Fig. 6(a–c) where the values of kE, calcu-
lated according to Equations (8)–(10) and Equations (17)
and (18) are also shown (broken lines). The errors, i.e.
((k̂E − kE)/kE) × 100%, are quantified in Tables 4–6. From
these tables and Fig. 6(a–c) we conclude:

� Equations (25) and (26) provide a characterization of
LLB typically within a 5% error; in a few cases, however,
the errors may reach 10%.

� LLB is a monotonically increasing function of M.
� However, the rate of increase is decreasing, leveling off at

about M = 15. Thus, the LLB necessary for M = 15 is
practically acceptable for any M > 15.

Remark: It should be pointed out that while for any
given system the recursive procedure of Equations (8)–(10)
can be used to evaluate the required lean buffering, this
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Table 3. Accuracy of approximating Q by Q̂ (percent of error)
when M = 20

e E = 0.85 E = 0.9 E = 0.95

0.1 −0.70 −0.38 −0.09
0.2 −0.43 −0.19 −0.01
0.3 −0.13 −0.05 −0.11
0.4 0.16 0.66 0.29
0.5 0.42 0.99 0.88
0.6 0.31 1.15 1.40
0.7 0.41 0.45 0.46
0.8 0.92 0.56 1.95
0.9 3.21 1.03 1.96

Table 4. Accuracy of approximating kE by k̂E (percent of error)
when e = 0.85

M E = 0.85 E = 0.9 E = 0.95

5 −2.05 −1.47 −5.03
10 0.05 −1.86 2.36
15 −0.22 2.69 3.65
20 −1.12 2.45 3.87
25 −2.24 1.65 3.51
30 −3.34 1.01 3.25

Table 5. Accuracy of approximating kE by k̂E (percent of error)
when e = 0.9

M E = 0.85 E = 0.9 E = 0.95

5 −0.54 −1.37 −1.17
10 −0.73 0.76 3.23
15 −2.18 1.21 4.05
20 −4.61 −0.03 3.77
25 −7.67 −1.41 2.82
30 −9.81 −2.59 2.23

Table 6. Accuracy of approximating kE by k̂E (percent of error)
when e = 0.95

M E = 0.85 E = 0.9 E = 0.95

5 −2.08 0.18 2.96
10 −3.16 −2.52 2.01
15 −2.54 −0.32 1.71
20 −3.47 −0.52 −0.12
25 −2.71 −1.73 −1.18
30 −4.22 −2.92 −1.24

Table 7. Rule-of-thumb for selecting a lean level of buffering in
serial production lines with 15 or more exponential machines

e E = 0.85 E = 0.90 E = 0.95

0.85 3.8 5.5 10.5
0.90 3.0 4.5 8
0.95 2.5 3.2 4.5

approach does not provide information on LLB as a func-
tion of system parameters, which is given in the closed an-
alytical expressions of Equations (15) and (16) and Equa-
tions (25) and (26).

8. Discussion and extension

8.1. Does a large LLB imply a large buffer?

It follows from Section 7, that the LLB for M ≥ 15-machine
lines may be selected according to the “rule-of-thumb”
specified in Table 7. Some of the entries of this table are
quite large. A question arises: are buffers with a large LLB,
say kE = 10, large or small? This question is ill-posed. In-
deed, kE = 10 may represent either a large or a small buffer,
depending on the value of Tdown: if Tdown is, say, 100 cycle
times, then the buffer capacity, NE, is 1000, and therefore,
it may be considered as large; if Tdown = 1, then NE = 10,
and the buffer is small.

Equally ill-posed is the question: is a buffer of capacity
NE = 100 large or small? If Tdown = 100, then kE = 1, and
the buffer may be viewed as very small, and moreover, in-
sufficient if e ≤ 0.95 and E ≥ 0.85 (see Table 7); if Tdown = 2,
then kE = 50, and the buffer is an order of magnitude larger
than required for any reasonable line efficiency.

8.2. Lean buffering for non-exponential machines

Consider a serial production line defined by assumptions
1–5 with the only difference that the up- and downtimes of
the machines are distributed arbitrarily, rather than expo-
nentially. Assume that the coefficients of variation of these
distributions (i.e., the ratio between the standard deviation
and the expected value) are less than one. This assumption
is supported by empirical evidence (Inman, 1999). What
is the relationship between LLB for such a line (denoted
as knon-exp

E ) with that calculated in Sections 5–7 (i.e., kE)?
Although no rigorous answer to this question is available,
based on numerous simulations (see also Enginarlar et al.
(2002)), we formulate the following:

Conjecture 1. If the coefficients of variation of up- and
downtimes are less than one, then kE is the upper bound of
knon-exp

E , i.e.:

knon-exp
E < kE.

In the framework of this conjecture, results of this paper
shed light on lean buffering in serial lines with identical non-
exponential machines. A justification of this conjecture is a
part of future work.

9. Conclusions

This paper provides a contribution to both the theory
and practice of production systems engineering. From the
theory point of view, it offers an analytical characterization
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of the level of buffering necessary and sufficient to ensure
a desired production rate in a simple model of a manu-
facturing system. From a practical point of view, it offers
production systems designers a method for selecting an ini-
tial level of buffering, which might be used as an initial
condition for subsequent analysis and simulations. Finally,
the insights into lean buffering described in this work (for
instance, the rule-of-thumb of Table 7) may be useful for
factory floor personnel as a guide for improving production
systems leanness.
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Appendix

It is convenient first to prove Proposition 3 and then spe-
cialize it to Proposition 2.

Proof of Proposition 3. The steady states of the recursive
procedure of Equations (8)–(10) are defined by:

pb
i = p

1 − Q
(
pb

i+1, rb
i+1, pf

i , r f
i , Ni

) , 1 ≤ i ≤ M − 1,

rb
i = pr

Q
(
pb

i+1, rb
i+1, pf

i , r f
i , Ni

)
r + p

, 1 ≤ i ≤ M − 1, (A1)

pf
i = p

1 − Q
(
pf

i−1, r f
i−1, pb

i , rb
i , Ni−1

) , 2 ≤ i ≤ M,

r f
i = pr

Q
(
pf

i−1, rb
i−1, pb

i , rb
i , Ni−1

)
r + p

, 2 ≤ i ≤ M,

where function Q is given by Equations (6) and (7).
When N is selected so that the efficiency of the production

line is E, it follows from Equation (12) that:

Ee = e
[
1 − Q

(
pf

M−1, r f
M−1, p, r, NE

)]
,
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which implies that

Q
(
pf

M−1, r f
M−1, p, r, NE

) = 1 − E.

This, along with Equation (6), provides the equation for
NE: (

1 − ef
M−1

)
(1 − φ)

1 − φ exp{−βNE} = 1 − E,

i.e.,

NE = − 1
β

ln
(

E − φ − ef
M−1 + ef

M−1φ

φ(E − 1)

)
.

Therefore, the lean level of buffering, kE = NE/Tdown, is
given by

kE = − r
β

ln
(

E − φ − ef
M−1 + ef

M−1φ

φ(E − 1)

)
. (A2)

In these expressions, as it follows from Equations (7), (12)
and (A1):

ef
M−1 = e(1 − Q),

φ = (1 − Q)(1 − e)
1 − e + eQ

,

β =
(
r f

M−1 + r + pf
M−1 + p

)(
pf

M−1r − pr f
M−1

)(
r f

M−1 + r
)(

pf
M−1 + p

) ,

where

pf
M−1 = p

1 + Q
, r f

M−1 = pr
Qr + p

,

Q = Q
(
pf

M−2, r f
M−2, pb

M−1, rb
M−1, NE

)
. (A3)

Using these expressions and the identities

p = r (1 − e)
e

,

p + r = r
e
,

Equation (A2) can be re-written as:

kE = e(1 − Q)(eQ + 1 − e)(eQ + 2 − 2e)(2 − Q)
Q(2e − 2eQ + eQ2 + Q − 2)

× ln
(

E − eE + eEQ − 1 + e − 2eQ + eQ2 + Q
(1 − e − Q + eQ)(E − 1)

)
.

(A4)

This proves the upper line of Equation (17).
To prove the bottom line, we observe that if N = 0, the

recursive procedure of Equations (8)–(10) results in

PR = eM = eE.

This implies that if e ≥ E
1

M−1 , M ≥ 2, line efficiency E is
attained with kE = 0.

Proof of Proposition 2. In the case of M = 3, function
Q defined by Equation (A3) can be evaluated explic-
itly. Indeed, for M = 3, Equation (A3) can be written as
follows:

Q = Q
(
p, r, pb

2 , rb
2 , NE

)
.

To evaluate this function, we observe that, as it follows from
Equation (12):

Q
(
p, r, pb

2 , rb
2 , NE

) = Q
(
p, r, pf

2, r f
2, NE

)
and, moreover,

Ee = e(1 − Q)2.

This implies that:

Q = 1 −
√

E.

Substituting this expression into Equation (A4) results in
Equation (16).
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