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Bottlenecks in Markovian Production so-call Toyota Production System considers the continuous improve-
Lines: A Systems Approach ment as a part of three most important manufacturing programs: Just-
in-Time (low inventories), Jidoka (quality), and Kaizen (continuous
S.-Y. Chiang, C.-T. Kuo, and S. M. Meerkov improvement) [6].

Unfortunately, not much is known, at least from the theoretical
perspective, about BNs in production systems. Even the definition
Abstract—in this paper, a system-theoretic approach to bottlenecks in  of a BN is unclear. For instance, some authors define the BN as
Markovian production lines is introduced and analyzed. The approach "o machine with the smallest isolation production rate (i.e. the
is based on the sensitivity of the system production rate to machines ducti f th hi h . d block
reliability parameters. Using this approach, definitions of bottlenecks production rate of the machine when n(? StarYat'Oﬂ an 09 ages are
are introduced, methods for their identification are developed, and their present). Others call the BN the machine with the largest inventory
implications for production automation and preventative maintenance are accumulated in front of it (see [7] and references therein). Both

discussed. may not identify the machine that affects the bottom line, i.e. the
Index Terms—Markovian statistics of breakdowns, production bottle- ~ System production rate, in the strongest possible manner (see [8]).
necks, production systems, unreliable machines. This happens because the above definitions are local in nature and do

not take into account the totaystenproperties, such as the order of
the machines in the production line, capacity of the material handling
devices (buffers), etc. Therefore, a system-theoretic definition of a

Production linesare sets of machines and material handling dgN is necessary.
vices arranged in the consecutive order so as to produce a desire the framework of Bernoulli lines, such a definition was intro-
product. From a system-theoretic perspective, production lines @figced in [8], where a machine was referred to as the BN if the partial
discrete-event systems. Investigation of fundamental laws that goveg@tivative of the system production rate with respect to machine’s
their behavior has implication for both production automation andolation production rate was the largest. Since the system production
preventative maintenance. rate depends on all—the order of the machines in the line, their

One of the problems that impedes the performance of productiggrformance and reliability parameters, the buffer structure, etc.—this
lines is the lack of machines’ reliability: An unscheduled down-timgefinition captures the system nature of the BN.
of a machine may negatively affect the performance of all other This definition, however, is not applicable to Markovian production
machines, both up-stream and down-stream, blocking the former ai@s. The reason is that, unlike the Bernoulli case, where the
Starving the latter. Two basic models of machines rellablllty haWﬂachine‘s production rate is defined by a Sing|e parameter, in the
been discussed in the literature: Bernoulli [1], [2] and Markoviamarkovian model the production rate is defined by two independent
[3]-[5]. Bernoulli model assumes that the status of a machine {ariables which characterize the up- and down-time. This makes it
each cycle (i.e., the time necessary to process one part) is determiigsbssible to directly extend the Bernoulli case to the Markovian
by the process of Bernoulli trials. In Markovian model the state of @odel. Therefore, the goal of this paper is to introduce definitions of
machine in a cycle is determined by a conditional probability, with theNs applicable to Markovian lines, suggest methods for their identifi-
condition being the state of the machine in the previous cycle. Thigtion for the case of one- and two-machine production systems, and
gives rise to a Markov process, which is why the term “Markoviagiscuss implications of the results obtained for production automation
production lines” is used. and preventative maintenance.

Both models, Bernoulli and Markovian, reflect practical situations, The outline of the paper is as follows: In Section I, Markovian
however different ones. Bernoulli reliability model is more approprimodel of a production system is introduced, definitions of BNs are
ate when down-time is small and comparable with the cycle time. Thisrmulated, and the problems addressed are stated. Section IIl is de-
is often the case in assembly operations, where the down time is giged to the case of a single machine production system. Sections IV
to quality problems (see [1]). Markovian model reflects operationghd V treat the two machines case. Finally, the conclusions are

where the down-time is due to mechanical failures which could b@rmma’[ed in Section VI. The proofs are given in Appendices A
much longer than the cycle time, [3]-[5]. In this paper we address,d B.

the Markovian model.

Intuitively, bottleneck (BN)f a production line is understood as
a machine that impedes the system performance in the strongest II. DEFINITION AND PROBLEM FORMULATION
manner. ldentification of BNs and their improvement, either by
automation or work restructuring, is considered as one of the m%t
important problems in current manufacturing environment. In fact, the

. INTRODUCTION

System Model
The following model of a production line is considered throughout
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4) Each bufferb; is characterized by its capacitij; < oc, 1 < of the system production rate. The meaning of BN of Definition

i < M- 1. 2.2 is also obvious: A machine is the BN if both its up-time and
5) Machinem; is starved at time if buffer b;,_; is empty at time its down-time are the most critical for the system performance.
t: machinem+ is never starved. Since, in some instances, the down-time of a machine is due to
6) Machinem; is blocked at timet if buffer b; is full at time¢; lapses in the performance of manual operators, rather than machines
machinem s is never blocked. breakdown, the identification of DT-BN and/or BN provides guidance
A production line defined by 1)-6) will be denoted ador development of production automation.
{pr,7rise e pasrars Ny oo . Nu_1 ) The meaning of theip-time preventative maintenance bottleneck
Remark 2.1: Due to assumption 3), the average up- and dowand thedown-time preventative maintenance bottlenetefinition
time of the machines are 2.3 needs an explanation: Preventative maintenance, as part of the
1 1 total production maintenance, leads to both an increase of the up-
Tup, = i Taown; = ot i=1-, M time and a decrease of the down-time of automated machines.

) ) ) ) ) Some of the preventative maintenance measures affect more the
Therefore, the isolation production rate of each machine (i.e., tig-time and the others the down-time. We refer to them as up-

average number of parts produced per unit time if no starvation @he preventative maintenance (UTPM) and down-time preventative

blockage takes place) is maintenance (DTPM), respectively. Which one of these measures
PR Ty, 1 should be emphasized? If it is determined that the BN is, in fact,
iso; = Tup. + Taown, - 1+ Taown, UTPM-BN, then the former should have the priority in skilled trades

Toup, job assignment; otherwise the latter should have the precedence.
i=1,---, M. (2.1) Thus, the classification of the BN in either UTPM of DTPM has

an impact on planning actions that lead to the most efficient system
The isolation production rate is often referred to as machine efficienggprovement.

and denoted as,,i = 1,---, M. Note that the machine efficiency The following is a direct consequence of Definitions 2.1-2.3:

depends only on the ratio df.,, and Taown,, rather than on their Production line 1)-6) always has an UT-BN and DT-BN; it may or

absolute values. O may not have a BN; generically, the BN is of a unique nature, either
Production rate of the lin¢pi,r1,++-,par,7ar, Ni,--+, Ny—1} - UTPM-BN or DTPM-BN. Even if a line does nor have a BN, the

is the average number of parts produced by the last maching, identification of UT-BN and DT-BN may be used for the development
per cycle. Given model 1)-6), the production rate, PR, is a functi@f automation and skilled trades assignment in a manner outlined
of all the machines and buffers parameters above.

PR = PR(p1,71,p2, 72, paa>7aa, N1, - - Nag—1).
C. Problem Formulation

We use this function below to define the bottlenecks. The goal of this work is to derive a tool for identification of the

bottlenecks defined above. Unfortunately, direct identification of BNs
using Definitions 2.1-2.3 is, in many cases, impossible. The reason is
Definition 2.1: Machinem; is theup-time bottleneck (UT-BNj  two fold: First, the derivatives of the production rate involved cannot

B. Bottleneck Definitions

9PR. OPR o be measured on the factory floor during the normal system operation.
OTup. ~ 0Tup.’ J# i Second, in most cases they cannot be calculated analytically as well

! ’ since even the calculation of the production rate for system with

It is the down-time bottleneck (DT-BNj more than two machines is impossible (see [3]-[5]), let alone the
9PR 9PR o calculation of its derivatives. Therefore, the tools sought have to be

‘EJT(]UWW OTaown, | J#i indirect ones. More specifically, we are seeking BN identification

tools that are based on either the data available on the factory floor
O  through real time measurements (such as average up- and down-
Definition 2.2: Machine m; is the bottleneck (BN)if it is both time, starvation and blockage time, etc.) or on the data that can be
UT-BNandDT-BN O constructively calculated using the machines and buffers parameters
Definition 2.3: Let m; be the bottleneck machine. Then it is re<r;, p,, andN;). We refer to these tools &ottleneck IndicatorsThe
ferred to as theip-time preventative maintenance bottleneck (UTPMsroblems, then, addressed in this paper are:

BN) if Problem 1: Given a production systems defined by 1)-6), derive
9PR. OPR. Bottleneck Indicators for UT- and DT-BN identification. This, of
9T, ‘C’JT@W“. . course, will Ieac_i to BN identifi_cation as well. _ _

: ’ Problem 2: Given a production systems defined by 1)-6), derive

If the inequality is reversed, the bottleneck is referred to as tiEttleneck Indicators for UTPM- and DTPM-BN identification.

down-time preventative maintenance bottleneck (DTPM-BN) [ Solution of these problems for the simplest cases of one- and two-

Remark 2.2: Definitions 2.1-2.3 are formulated in terms of the upmachine systems is given below. An extension to the casd of 2
and down-time, rather tham andr; of model 2)-6), because thesecase is a subject of the future work.

are the variables used in practical situations on the factory floor. The
differentiability of PR with respect t@,,, andTaown, i proved in

Lemma A.1 of Appendix A. The absolute values @PR,/9Tuown, ll. ONE MACHINE CASE
is used because otherwise this number is negative: incredsen If the system consists of a single machine, Definition 2.3 is the
leads to a decrease of PR. O only applicable one, i.e., either UTPM-BN or DTPM-BN could exist.

The meaning of UT-BN and DT-BN is clear from Definition 2.1:When each of these takes place is quantified as follows:
A machine is UT-BN (or DT-BN) if an increase of its up-time Theorem 3.1:A single machine defined by assumptions 2)-3) is
(respectively, a decrease of it down-time) leads to the largest increSEPM-BN if T, < Tuown; it is DTPM-BN if Tuown < Tup-
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Proof: Follows immediately form (2.1) since Bottleneck Indicator 4.1:In a production line with two machines
IPR T of equal efficiency, the ma_chine wi_th the smaller down_-time i_s the
‘ —| = uwo BN. If the down-time of this machine is smaller than its up-time,
9Taown (Tup + Taown)? preventative maintenance and automation should be directed toward
and the decrease of the down-time. If the down-time is sufficiently larger
PR T, than the up-time, preventative maintenance and automation should be
= =0 . directed toward the increase of the up-time. |

0Tup  (Tup + Taown)* Assume finally that (4.1) holds and, in addition

]
Based on the above, we arrive at the following Tup,
Bottleneck Indicator 3.1:The smaller between the average up-

time and average down-time of a machine defines it's nature as the both machines are identical as far as their reliability is concerned.

BN: If Taown <Tup, the primary attention of the preventative mainqn this situation, obviously, both machines are BNs but of which
tenance and automation should be given to the further decreaseiati? The answer is given below:

the down-time; ifly, < Tuown, the attention should be concentrated Theorem 4.3:Consideq Ty, » Tuown, » Tup,» Taowns» N1} and as-

=T

upg

= ’Tupa Tdownl = Tdown2 = Tdown (43)

on the increase of the up-time. U sume that (4.3) holds. Then both machines are DTPM-BN if
Since in most practical situatiof$.w. < T.;, the above Indicator

basically states that reduction of the down-time is more efficient than Tup > 0.5

a comparable increase of the up-time. Ty + Taown '

IV. Two MACHINES CASE: EQUAL |ISOLATION PRODUCTION RATES both machines are UTPM-BN if

Consider system 1)-6) with two machines, i.e., system Ty <0.4315
{Tup, s Taown s Tupy s Tdowny s N1}. Assume that Top + Taown >
_T“"l = —T“‘*Z (4.1) Proof: See Appendix A. u

Taown,  Tdown, As it has been shown in Section Ill for a single machine case,

i.e., the efficiency of both machines are identical, however, the ufie threshold for the switch from DTPM-BN to UTPM-BN is 0.5.
and down-time for each machine may be different. A question arisé8:the two identical machines case, the threshold is a function of
Which one is the BN? The answer is as follows. the buffer capacity,Vi, i.e., has the formr(N). Theorem 4.3

Theorem 4.1:Consider the production line Ry, , Tiown, - establishes, therefore, th@t4315 < 7(N1) < 0.5. When N, tends
Tups» Taown,. N1} and assume that (4.1) holds. Then, is the to infinity, 7(NN7) tends to 0.5. The minimum threshold occurs for
BN if Tiown, < Tuown,; if the inequality is reversedy., is the BN. N1 = 0.8Tucwn (see the proof of Theorem 4.3).

Proof: See Appendix A. From Theorem 4.3 follows

It is well known that, given a constant ratio betwe€g,, and Bottleneck Indicator 4.2:In a production line consisting of two
Tuown,, the machine with the longer up- and down-time is mor&achines with identical reliability characteristics, the primary
detrimental to the system’s production rate than that with a shorgffention of the preventative maintenance and automation should
up- and down-time (see, for instance, [5]). In view of this propertye given to the decrease of the down-time Zifown < Typ; if
one might think that the BN is the machine with the longer up- anbi» < 0.759 Taown. attention should be concentrated on the increase
down-time. This, however, is not true, as the above Theorem statekthe up-time.
The reason is that an improvement of the machine with a shortedn most practical situations, the isolation production rate of the
up- and down-time leads to a better utilization of the disturband@achines is greater than 0.5. Therefore, taking into account Theorems
attenuation capabilities of the buffer than a comparable improveméhi. 4.2, and 4.3, we concentrate below on the identification of
of the machine with a longer up- and down-time. Therefore, dAT-BNs.
improvement of the “better” machine is the best for the system as

a X:g&?ﬁe now that (4.1) holds and, in addition V. Two- MACHII\.IES CASE: UNEQUAL ISOLATION PRODUCTION RATES
" . Consider agaif Tup, ; Taown: » Tup, » Tdowns » N1} and assume that
Zupg _ Zdowni _go g i,j=1,2, i#j (4.2)
T“Pj T‘downj h h (5 1)
i.e., m; is the BN. Is it UTPM-BN or DTPM-BN? The answer is Taown; * Ldownz

in the following.
Theorem 4.2:Under assumption (4.2)n; is DTPM-BN if
Taown; <Tup,. If Taown, is sufficiently larger thaiy, ;, so that

i.e., the machines are of unequal efficiency. Is the machine with
the smallest efficiency the BN? The answer is: not necessarily. An
example in Fig. 1 illustrates this point. In this example, the numbers

Taown; _ k41 in the circles represent the machines’ efficiency and the number in

T > 2 the rectangle is the buffer capacity. The first two rows of the numbers

’ below the machines are up- and down-time, respectively. The third

mj is UTPM-BN. row is a numerical estimate of the partial derivative of the production
Proof: See Appendix A. m rate with respect to the down-time. As it follows from this figure,

The above result is qualitatively in agreement with Theorem 3.althoughm is more efficient tham:,, it is, nevertheless, the DT-BN
The smaller between the up- and down-time of the BN defines it$ the system.
nature as far as the preventative maintenance is concerned. To identify the DT-BN in the case of machines with unequal
From Theorems 4.1 and 4.2 follows efficiency, introduce the following concepts:
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Lemma 5.2: For the serial production line 1)-6) with/ = 2
under assumption (4.1)

mby = mss. (5.4)

Proof: See Appendix B. [ ]
The values ofmb; andms., calculated according Lemma 5.1,
play a crucial role in DT-BN identification in production lines with
unequal machines efficiency. Specifically,

Tup, : s 6.667 Bottleneck Indicator 5.1:1f mbiTup, Taown, < ms2Tup, Taowny,
my is the DT-BN. If mbiTup, Taown, > msaTup, Taown,, DT-BN
Taown; * 0.556 1.176 is ma. o o
Remark 5.1: Taking into account Lemma 5.2, it is easy to see
I=REE—1: o116 0.097 that Bottleneck Indicator 5.1 is a ge_neralization of Bottlene_ck In-
* dicator 4.1 and the Bottleneck Indicator of [8]. Indeed, in the
Fig. 1. The bottleneck example. case of equal machines’ efficiency, machine is the BN if

Tup, Taown; < Tup,Taown,: if the inequality is reversedy: is the
BN. In the case of Bernoulli lines [8]n is the BN ifmb; < msa; if
the inequality is reversedy. is the BN. Thus, Bottleneck Indicator
5.1 is a generalization of the above two results. [ ]
Numerical Justification: At this time, Bottleneck Indicator 5.1
has been justified only numerically. Two typical examples are
mb; = Prob ({m; is up at timet} given in Fig. 2. _In this figure, the first two_ rows of numbe'rs
. . below the machines are the average up-time and down-time,
N {bi is full at time+} respectively. The other three rows of numbers show the values
N {m,, fails to take parts from, at timet}). of mbiTup, Taown,» msiLup, Tdown;» and |APR/ATqown,|. The
finite differencesAPR/ATqown;, Vi, are numerical estimates of
Definition 5.2: Machinem; is said to bestarved in the manufac- OPR/OTsoun, With the StepATyown, = 0.05 - Taown, . Then, from
turing senseat timet if it is up at time¢, machinem;—, fails to put  ottleneck Indicator 5.1, the bottlenecks in Fig. 2(a) and (b) are
parts into bufferb;_, at time+, and bufferb;, is empty at ime’.  machinesm. and m:, respectively. In most systems investigated
The probability of manufacturing starvatioms;, is defined as the bottlenecks identified using Bottleneck Indicator 5.1 and
|APR/AT4own, | were the same. However, several counterexamples
were also found. To illustrate the region where Bottleneck Indicator
N{bi—1 is empty at timef} 5.1 does not work (Fig. 3), we use the parameters of the system
N {m, is up at timet}). in Fig. 2(a). In Fig. 3(a).Taown, iS changed from 1.176-0.08 and
the bottleneck machine is switched froms, to mi. As it follows
O from this figure, the range where Bottleneck Indicator 5.1 does not
In the case of Bernoulli linesys; and mb; were sufficient to work is quite small. In Fig. 3(b), the efficiency of. is used as the
characterize the BNs (see [8]). It turns out, however, that in MarkoMorizontal axis. We also obtain a similar result (i.e., the efficiency
ian case they should be modified appropriately to serve this purpoggjion where the Bottleneck Indicator 5.1 does not work is very
Nevertheless, they play an important role in BN identification andmall [about 0.01)]. Based on the above, we conclude that it can be
therefore, are characterized, in terms of the parameters of model 1)&ed as a tool for the DT-BN identification.
below.
Lemma 5.1: For the serial production line 1)-6) withl = 2 i

Definition 5.1: Machinem; is said to beblocked in the manufac-
turing senseat timet if it is up at time¢, buffer b; is full at time
t, and machinen;,; fails to take parts at time. The probability of
manufacturing blockagenb;, is defined as

ms; = Prob ({m,_, fails to put parts intd;_ at timet}

. CONCLUSION

mby =e1Q(p2,72,p1,71, N1) Bottlenecks in Markovian production lines can be defined as partial
derivatives of the system production rate with respect to machines’
up- and down-time. Three types of BNs are introduced:

wherep; = 1/Tup, andr; = 1/Taown,, 7 = 1,2, Q is seenin (5.3), 1) up- and down-time BNs;

msg =e2Q(p1,71,p2, 72, N1) (5.2)

shown at the bottom of the page, and 2) BNs;
er(1— es) 3) UTPM- and DTPM-BNs.
¢= e2(1—e1) Identification of each has implications for both the nature of preven-
tative maintenance and production automation.
71472+ p1 +p2)(pira — par i N i
3= (n 2+ p1+ p2)(pira = pa l)- In “balanced” two-machine lines (i.e., in lines where machines have

(ri472)(p1 +p2) identical efficiency) the machine with the smaller down-time is the

Proof: See Appendix B. m  BN. In “unbalanced” two-machine lines, the DT-BN is the machine

Q(p1,71,p2,7m2, N1)

(1—en)(1=0) pom
] T=ee 53)
B p1(p1 +p2)(r1 +72) PL_p2 :

(p1 +r)[(pr +p2)(r1 +72) + pori(pr +p2 + 11 +r2)N1]” 7y 72
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Tup; ¢ 10 6.667 5 6.667

Tiown,; * 1.11 1.176 0.556 1.176

msiTup, Tdown; : © 0.364 0 0.296

mb;Tup; Tdgown; : 1.071 0 0.2438 o

Iz-ﬁff:l : 0.082 0.097 0.116 0.097
@ (b)

Fig. 2. lllustration of Bottleneck Indicator 5.1.

T T T T T T T : i ; ; second. Current work is centered on extensions of the results obtained
‘ ' to systems with arbitrary number of machines and on applications in
the automotive industry.

N

BN machine
W

APPENDIX A
PROOFS FORSECTION IV

' f f f ' f f ' y " ' Due to space limitations, we present here and in Appendix B only
the main steps of the proofs. The details can be found in [10].

-

@ The proof of Theorem 4.1 requires the expression for the produc-
P . . . tion rate of two-machine system and the property of its differentia-
N bility with respect to the machines reliability parameters. The former
p—————————— B ——— R — KRR R .
@ ‘ follows from [9] in the form (A.1), as shown at the bottom of the
Pl page, where
E
&
r (r1 472 4+ p1 4+ p2)(p1r2 — par1)
8= = . (A.2)
0.;!6 0.‘88 0f9 0.192 0.194 (7‘1 + 7'2)(})1 + pz)
(b) The latter is established by the following.
Fa 3 C ) . Bortl ‘ indicat 51 h Lemma A.1: For all0 < N; < oo, production rate given by (A.1)
1g. o. omparison (o) ottienec ndicator . with; B : : i .
max (0PR/0Tgown): X xxx—BN identified by BN Indicator 5.1, IS dlﬁerentlaple Wlt_h respect to the remaining arguments:, T,
0000-BN identified bymax (9PR/ITqouwm )- and Taown, .7 = 1,2.

Proof— Step 1:For the case of, /71 = p2 /72, using straight-
forward, but tedious, calculations, we show that the right derivative of
with the smallest value o#T.,, Taown, Wherea is the probability of PR with respect tg, is expressed as (A.3) as shown at the bottom
blockage for the first machine and the probability of starvation for traf the page, where

riT2 p1(p2 4+ r2) — p2(p1 + 1 )C_Xqu P, P2

N+ 1 PO —] e
PR = (p1+71)(pz+722 pire — parie oo AL
r3(ri+r2) + Nirira(ps +712)° pi_ P2 A1)

(p2 +72)2[rL +r2 + Nuri(pa +72)] LTy

i PR(p1 + Ap,r1,p2, 72, N1) — PR(p1,71,p2,72, N1)

im

Ap—0T Ap

_ mrz{[rigs = pa(pr + r)aagy — fildy —perian)l(pa +71) = fig } (A.3)
(p1+ r1)%(p2 + 72) g} '
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N , Step 2: Under assumption (4.1), from the above expressions and
fr=14palpy ) T2 DL A D2 (A.6), we show that
i (r1i+72)(p1 + p2) ~h

ri+r2 +p1+p2 N

=14pyr——m—— == ‘
7 e (ri+ro)(p1+p2) PR .OPR
nq :J\’Hpg aTupl 0Tup2
(prAp2)(ri a4 pr4p2) — (1t 71)(r1 +72) _ parirak(k — 1)
(r 4 7r2)(p1 +p2)? 2(p1 +71)2(p2 + r2) (11 +72)2(p1 + p2)? g7
dy = M : {47\7121’1]027'1 (p2+7r2)(r1 + 72+ p1 —1—7)2)2
(p1 + p2)? , , +2(r + 7,2)2(1)1 +p2)2 2N po (s + 0)
o (riAre+pr+p2)ira Ny Ad
a1 = 2(711 _{_712)2(]31 +]]2)2 ( . ) '[]71(1“1 +7“2)(P2+7“2)(k+1)+7“1(p1 +p2)
“(ri+ 2+ pr+p2)l} (A.9)

Step 2: Analogously, the left derivative PR is (A.5), as shown at
the bottom of the page, whetg, g1,n1,d1, anda; are given by wherek = T.p, /Tup, = Taowny /Taown, = p1/p2 = r1/72.
(A.4). If £>1, (i.e., the up- and down-time of.;, are shorter than those
Step 3:From (A.3) and (A.5), it follows that the production rateof m-), then, sinceg: > 0,
PR is differentiable with respect t@;. Analogously, we show that
PR is differentiable with respect to with respectitq p., andr,. PR OPR

— > . A.10
Step 4: Since 0Tuwp, = O0Tup, ( )

OPR _ OPR dp;. _ OPR
OTup, - Opi 0Tup, - Ipi
OPR PR I OPR. o
Taown,  Ori OTaown,  OF (=ri), =12
(A.6)

(_p?)_, i=1.2 Thus, the machine with the shorter up- and down-time is the UP-BN.
Step 3: Steps 1 and 2 are repeated Bfwn,, i = 1,2, to obtain

OPR
aTlUWHI

| oPR
a11([0»\/112

it follows that the production rate PR is differentiable with respect
t0 Tup, and Taown;,i = 1,2. =
Step 5:For p1/r1 # ps2/r., Steps 1-4 are repeated to establish
the differentiability of PR in this case as well.
Proof of Theorem 4.1— Step Erom (A.1), we show (A.7), as +2(r1+72)* (1 +p2)” + 2Nipa(p1 + p2) (11 +72)
seen on the bottom of the page, where S[ri(pr 4+ p2) + (11 + r2)(2r1 4+ p1)]}- (A.11)

pari r%k(k -1)
2(p1 + 71)%2(p2 + 7r2)(r1 + 72)2(p1 + p2)%93
. {Nizplpz'n(pz +ro)(ri 4+ 12 +p1 +P2)2

4 e+ pi+ pe If £>1, we have

i=l+pilpi+ri)—F/——————F~
f p?(p )(7“1+7“2)(p1+p2)
ri+ T2+ p1+p2 o ‘
— - "N

(r +72)(p1 + p2)

Z\/v1
JdPR
0 ’Td owny

OPR
aTdownz

n; = Nipj
(pi o) (r1 472+ p1 A po) — (pi 4 7 (r1 4+ 72) i.e., the machine with the shorter up- and down-time is the DT-BN.

) (11 +72)(p1 + p2)? Step 4:From (A.10) and (A.12), it follows that the BN is the

—p;riNy machine with the shorter up- and down-time.
di = (p1 +p2)? Proof of Theorem 4.2— Step From Theorem 4.1 and
o (r1 4 72 + p1 + p2)?r; N2 Assumption (4.2), we haveOER/aﬂlpj ?OPI.%/QTtll)i, ar.1d
' 2(r1 + 72)2(p1 + p2)? |OPR/ 0T dovwn ;| > [0PR/0Twown, |, i,j = 1,2,i # j, i.e., machine
i,j=1,2, i (A.8) j is the BN.

lim PR(p1 + Ap,r1,p2.r2, Nv) — PR(p1.71,p2, 72, N1)
Ap—0— Ap
_ rire{[nigi — p2(p1 + r1)aigr — fi{di — peria)|(pr +71) — figi} (A5)
(p1 +71)%(p2 +72)0% '

OPR _ rirj{[nigi — pi(pi + ri)aigi = fildi = pjriai)](pi +ri) = figi}
Op; (pj +7)(pi +7i)2g?
i=1,2, i (A7)
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TABLE |
SUMMARY PROBABILITIES AND DENSITIES OF BUFFER OCCUPANCY FOR TWO MACHINES-ONE BUFFER SYSTEM (3 IS GIVEN IN
(5.3) AND £ = [p1parira(r1 + 72 + p1 + p2)(p172 — p2r)]/[(p1 + p2)%(p1 + 1) (p2 + r2)(p172 — par1e PN1L))]

aray | Y15010,(0) [ X (1) ] Yiia10,(N1)
(p1+p2) ~Bhy (P1+p2) —AN;
uu KP2 T1+72+p1+p2 ke Hm T1(+T2+P)12+P2 €
p1+p2 —Bh P1tp2 -BNy
ud 0 , KT1+T2 € /{P17‘2(T1+T2+p1+1)2)e
(p1+p2) p1+p2 ,—fBhy
du szh (r1+r2 +)1721 +p2) k T1+72 ¢ ( ())2
(p1tp2 P1tp2\2 -0k p1+p2 —BN,
dd KT1(T1+T2)(T1+T2+P1+172) K( 1472 ) € HTz(T1+T2)(T1+T2+p1+P2)€
Step 2: To determine under what conditions machjnis DTPM- Step 3:The threshold = (i.e., the efficiency such that
BN or UTPM-BN, we show that |OPR /0T 4own| = OPR /T, ) is defined by
JOPR OPR OPR JPR
- 7 — =0. A.18
‘aTdovvn ; OTup, T p ‘aTdUW“ ( )
_ 7.Jv7,ik2
(pj +7i)2(pi +r)giri(k+1)2 Step 4: From the above expression, for the minimutmwe show
Api +rilke + 1% (ri — pi) + 2pirik(pi + i) that
: [k(’l - pl) + "’Zv]jvl + 05})2;‘2 (1)2 + 7‘i)3 - _QTprdown(Tdown - 2]111))
o o o N, = - . (A.19)
- (ri — pi)NT }, i,j=12, i#y (A.13) (Tup + Taown)?(Taown — Tup)

Step 5: From (A.18) and (A.19), it follows that the threshold values
whereg; is given in (A.8) andk = p;/pi = r;/ri. of Tup, and Tyown are defined by the following equation:
Step 3:From the above expressions, iif > p; (i.e., r; >p; or
Tup; > Taown; ), then we have

T(?nwn - 1':)TL1PT(:]20¥VH + iz—fp Tdown - 1—;?}) =0. (AZO)
OPR OPR
N (A-14) Solving this equation by Matlab, we obtain
T4 0T,
(OVVHj u _7
i.e.,m, is DTPM-BN. If r; < p; andk(r;—p;)+r; < 0 which implies Taown = 1.3171826465067 7Ty, (A.21)

thatTdowni > 7-;1]77- (i.e., Tdownj > ﬂ:pj) and (Tdowni/ﬂmi) > (k +

D/k (i€, (Taown; /Tup ;) > (k + 1)/k), we have Moreover, substituting (A.21) into (A.19), we have

IPR JPR
‘W T . (A15) Ni = 0.8T4own-
O\’VTIj Ll[)j
it follows that if (Tiowe, /Tup, ) > (k + 1)/k.m; is UTPM-BN. Step 6: Therefore, from (A.21), iflup /(Tup + Thown) < 0.4315,

both machines are UT-BNs. From (A.17), Fup > Taown (i€,

Proof of Theorem 4.3— Step Under the Assumption (4.3), Tup/(Tup + Taown) > 0.5), both machines are DT-BNSs.

from (A.1), we show that .

_ 2T 277, Taown + N1(Tup + Taown)?] APPENDIX B
N 2(1—‘:_11) + Tdow11)2[2TupT(]0w11 + 1\71 (Tup + T(]own )] ' PROOFS FORSECTION V
(A.16) Consider the system defined by assumption 1)-6) wlifh =

2. Introduce the stationary probability distributiof;o,«,(h1), as
follows:

PR

Step 2: From the above expression, it follows:

Y1,0 a5 (h1) =Prob{bufferb, containsh, parts

aTup afz—’dowu

OPR B OPR
and machines:; andms are in

— T]p + Tdown
(Tup + Tclown)4[2TupTdown + jVl (Tup + 1110\/»'11)]2
[N (Tup + Taown)* (Taown — Tup) + 4N T3

up

the states ofvy anda }

’ . o where( < hy < Ny, andw; = u (i.e., m; is up) ord (i.e., m; is
) Tﬁ“’w“(np + Tiown)(Taown = 2Tup) + 8T, down),i = 1, 2. The PR of this two machines-one buffer system can
Tiown (Taown = Tup)]- (A.17) be calculated using the following:
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Lemma B.1: For the serial production line 1)—6) with/ = 2 According to Definition 5.2
msz = Prob({m is down at timet}
PR =e3 — ¥1,44(0)

€1 — Y’l;ud(‘zvl)
= 62[1 - Q(Pl: T1,P2,72, Nl)]

N {b: is empty at time'}
N {ms is up at timet})

:ifl;du(o)-
:61[1 - Q(p23'7'27p17r17]\71)] (Bl)
Using Lemma B.1, we obtain
where functionQ(z1, y1, x2, y2, N1 ) is defined in (5.3). msz = e2Q(p1,71, p2, 72, N1).
Proof— Step liLet Xi.a;a,(h1) Where 0< by < N, and
a; = u (i.e.,, m; is up) ord (i.e., m; is down),i = 1, 2, be the u
stationary density of buffer occupancy. The densitlésa,a, (A1) Proof of Lemma 5.2:Follows immediately from Lemma B.1,

and probabilitiest].q; e, (0) andYi.., . (N1) are calculated in [9] Sincee; = ez implies thatmss = mb.
and summarized in Table I.
Step 2: Using Table |, we show that
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