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DT-Bottlenecks in Serial Production Lines:
Theory and Application

Shu-Yin ChiangMember, IEEEChih-Tsung KupMember, IEEEand Semyon M. Meerkowellow, IEEE

At_)stract—The bottleneck (BN) ofaproo_luction line is amachine m b ms b ms b ma b ms b me
that impedes the system’s performance in the strongest manner.
It has been shown in the previous work that the so-called down-
time bottlenecks (DT-BNs) are of main industrial importance. In
this paper, a method for DT-BN identification is developed in the Fig. 1. Serial production line.
framework of serial production lines with unreliable (Markovian)

machines and finite buffers. The identification tool derived is based machine, which is not blocked and not starved, produces a part

on the probabilities of machine blockages and starvations. To eval- . . - : . _
uate these probabilities, a novel aggregation technique is proposed.Wlth afixed probability and fails to do so with the complemen

The results obtained are applied to the design of a production line tary probability. In machining operations, machine reliability is

at an automotive component plant. often modeled by a Markov process, i.e., if a machine is up (re-
Index Terms—Bottleneck, downtime, identification, production Sfp,eCtIYely’ ‘?'OW’_‘)' It goes. dOW'f‘ (reSpeCtN?!y’ up) d““f‘g E.in n-
lines. finitesimal time interval with a fixed probability rate. This gives

rise to uptime and downtime being distributed exponentially and
to Markovian, rather than Bernoulli, description of machine re-
. INTRODUCTION liability. Serial production lines with Bernoulli machines have
RODUCTION lines are sets of machines arranged so Bgen analyzed in [1] and [2] and with Markovian machines in
to produce a finished product or a component of a produ#ie majority of publications on production lines (see [3]-[9] for
Machines are typically unreliable and experience random bredRe origin and recent status of this literature). The current paper
downs, which lead to unscheduled downtime and loss of prod@ldresses the Markovian case.
tion. Breakdowns of a machine affects all other machines in theDue to machine breakdowns, production systems often pro-
system, causing blockage of those upstream and starvatiorflé¢e at a level far below their capacity, i.e., the amount of pro-
those downstream. To minimize these perturbations, machifition that can be obtained when no unscheduled downtime
are separated by finite buffers, the empty space of which protet&kes place. For instance, it is not uncommon in the automotive
against blockage and the full against starvation. Thus, prodiigdustry that production lines in machining operations produce
tion lines may be modeled as sets of machines and buffers c8hthe level of 60%—70% of their capacity. In this situation, iden-
nected according to a certain topology. In this paper, we stutiffcation and improvement of a machine, which is most respon-
systems with linear topology, i.e., serial production lines (s&éble for these losses, is an important problem of production line
Fig. 1, where the circles are the machines and the rectanglestaggagement and control. Such a machine is referred to as the
the buffers). bottleneck (BN).

Statistics of the machine downtime depend on the type of The notion of BN in Bernoulli lines has been formalized and
manufacturing operations involved. Specifically, in assembnalyzed in [10]. It has been shown that if a machine is blocked
operations, where the downtime is often due to quality proBiore often than it is starved, the BN is downstream of this ma-
lems, most interruptions are quite short and comparable wRRine; otherwise, the BN is upstream. The problem of BN identi-
the cycle time (i.e., the time necessary to accomplish an opefigation in Markovian lines has been formulated in [11]. Several
tion). In machining operations, the downtime is typically due tgotions of BNs have been introduced, depending on whether the
mechanical breakdowns and is much |0nger than the Cyc|e t|m|@t|me or the downtime is addressed. These were referred to as
Accordingly, breakdowns in assembly lines are often model&ie uptime BN (UT-BN) and downtime BN (DT-BN), respec-
by the process of Bernoulli trials, i.e., during each cycle time tiely. It has been shown that if the production rate of each ma-

chine in isolation is above 50% of its capacity (which is almost
always the case on the factory floor), decreasing downtime re-
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Results obtained in [11] have been derived using closed-fothre machine efficiency depends only on the ratidigf. and
expressions for the system performance measures as functibng.., , rather than on their absolute values. O
of the machine and buffer parameters. Unfortunately, such exPProduction rate of the linépy, r1, ..., par, 78, N1, -« -,
pressions are not available for longer lines. Although efficied¥,;_1} is the average number of parts produced by the last
recursive approximations do exist [4]-[9], none is proven tmachinem; per cycle. Given model 1)-6), the production rate
converge. Moreover, existing approximations are not directBR is a function of the machine and buffer parameters
applicable to production systems considered in this work (see

Section II). Therefore, in this paper, we first develop a novelPR = PR(p1, 1, p2, 72, - .-, par, 7o, N1, ooy Nag—1).
aggregation procedure for performance analysis of Markovian (2.2)
production lines, prove its convergence, evaluate its accuradye use this function to define the DT-BN.
and then apply it to DT-BN identification. Definition 2.1 [11]: Machinem, is the DT-BN if

The outline of the paper is as follows. In Section II, the R R
model of the production line under consideration is introduced JPR OPR Vit 23
and the problem of DT-BN identification is formulated. In OTaowm: |~ | T aown, j#i (2.3)
Section lll, performance evaluation issues are discussed.
Section IV presents the DT-BN identification technique. The O

case study is described in Section V. The conclusions are giverRemark 2.2: Throughout this paper, symbols with the™
in Section VI. The proof of convergence is included in theenote the exact values of the appropriate quantity. The respec-
Appendix. tive approximations, to be introduced below, are denoted by the
same symbols, but without the-.” O
Il. PROBLEM FORMULATION Unfortunately, direct identification of DT-BN using Defini-
. . L : tion 2.1 is impossible. The reason is twofold. First, the deriva-
The foIIowmg model of a serial production line is conmdereéves of PR cannot be measured on the factory floor during the
throughout this work. ) ) ] normal system operation. Second, in most cases, they cannot
1) The system consists 8f machines arranged serially and, caiculated analytically as well, since, as it has been pointed
M — 1 buffers separating each pair of machines. out above, even the calculation BR itself for systems with
2) Each machiner; has two states: up and down. When Uy re than two machines is impossible, let alone the calculation
the machine is capable of producing with the rate 1 paff s derivative. In addition, the perturbation analysis [12]-[14]
per unit of time (cycle); when the machine is down, N@annot be applied either since no discrete event model of the
production takes place. _ system is assumed to be available, and moreover, parameters of
3) The uptime and the downtime of each machingare e machines and buffers may be unknown. Therefore, the iden-
random variables distributed exponentially with paramegication method has to be an indirect one. More specifically,
tersp; andr;, respectively. _ _ we are seeking a DT-BN identification tool, which is based on
4) Each buffers; is characterized by its capacify; < o¢, {he data available on the factory floor through real-time mea-
1< ’_5 M - 1. ) ] ] surement (such as average uptime and downtime, starvation and
5) Machinem; is starved at time if buffer b;—1 is émpty pjgckage time, etc.) or on the data that can be constructively cal-
andm;, fails to put a part intd;_, attimet; machiné ¢ jated using the machine and buffer parameters (but without
my is never starved. o _ using discrete event simulations). We refer to this tool as the
6) Machinem; is blocked at timet if buffer b; is full and  p_gN |ndicator . The problem, then, addressed in this paper
mi+ fails to take a part fronb; at timet; machinemy; s a5 followsGiven a production system defined by assumptions
is never blocked. 1)-6), derive an indicator for DT-BN identification
A production line defined by 1)-6) is denoted as
{po, i Py, s Nay - ]_VM—l}- ) [ll. PERFORMANCE EVALUATION IN SERIAL LINES
Remark 2.1: Due to assumption 3), the average uptime and WITH MARKOVIAN MACHINES

downtime of the machines are
A. Performance Measures

1 1 .
Tup; = — Tdowm = i=1,...

, M. Performance measures of interest in this work are the system
i T4

production rate and the probabilities of machine manufacturing

Therefore, the production rate in isolation of each machine (i.§tarvation and blockage. The formeris defined in Section Il [see
the average number of parts produced per unit of time if rIilae text above expression (2.2)]. The latter are defined as

starvation or blockage takes place) is . . .
g place) ms; =Prob({m,_, fails to put a part intd,_, attimet}

PR — Tup, B 1 i1 M N {b;_1 is empty at time }
BT Toup, + Taown; 1+ Taown; ’ T N {m; is up at timet})
Ty, 2.1) mb; = Prob({m is up at timet}

The isolation production rate is often referred to as the ma- N {b; is full at time¢}
chine efficiency and is denoted as « = 1, ..., M. Note that N {m, 41 fails to take a part frond; at timet}).
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These probabilities are functions of the machine and buffer pa-respectively). In the backward aggregation, the last two ma-

rameters chinesmj; andmy;_; are aggregated into a single machine
i i mﬂ’w_l,_defined by para_metepéf_l andrﬂfw_l. Then, machine
ms; = ﬂ}sz‘(pl, 71,0272, s DM, T N1y ooy Nayo1) mi,_ is aggregated it to resultinmy, _,, defined by

mb; =mb;(p1, 71, 2,725« s PM "M Niy oo s Nag_1). r%;_, andr4,_,, and so on until all machines are aggregated

into m4. In the forward aggregation, the first machimg is ag-
A recursive procedure for estimating these performance megegated withn}, to producem? with parameterg? and .
sures is given next. Then,m] is aggregated witm}, to result inm3, and so on until
all machines are aggregated in’fq‘w. Then, the process is re-

B. Recursive Procedure and Estimates of Performance  peated again.

Measures The question of convergence of the resulting sequesfces,

A recursive procedure considered in this work iterates thé(s), p{(s), andrf(s), s =0,1, ..., is answered in the fol-
values ofp;, r;, andN; to produce a sequence of numbgiés), lowing theorem.
rY(s), pzf(s), and7{(3), s=0,1,2, ..., according to the rule  Theorem 3.1:Recursive procedure (3.1) is convergent and,

(3.1), shown at the bottom of the page, with boundary condherefore, the following limits exist:
tions

lim p{(s) =: pzf, lim p?(s) =:p?, lim 7{(3) =: 7{

/ f b 5—00 5—00 5—00
S) = TilsS)=r S) =

pi( ) e Pl = lim rf(s)=:7rf, i=1,..., M. (3.3)

T (8) =T, s=0,1,2,... 5500

and initial conditions Moreover, the following relationship holds:
plO)=pi, O =r, i=2..,M-1 ot 3.4
Z Z ;= (3.4)
Dy P1

where function@ is given in (3.2), shown at the bottom of the
page. Proof. See the Appendix.

There are two principal components of this procedure: back-The limits in (3.3) can be used to define estimates of perfor-
ward and forward aggregation (denoted by superscti@sd mance measures for line 1)-6).

Di

b )
pi(s+1)= , 1<i<M-1
1- Q(pli)+1(3 + 1)’7‘$+1(3 + 1),]){(8),7{(8),]\77;)
1
ri(s+1) =— ; 7 ,  1<i<M-—-1
Qpiti(s+ 1), rip (s +1),p; (s), 75 (), Ni) n 1
pi ri
f D .
pi(s+1)= . 2<i<M
1= Qpl 1 (s+1),r_(s+1),pl(s+1),7(s + 1), Ni_y)
1
rl(s+1)=— - - - . 2<is<M (3.1)
Qlpj_(s+1),7_1(s+1),p;(s +1),7{(s+ 1), N;_1) I 1
Di T3
(1—e)d—9) o
1— (/)6_'8N1 ? 1 T2
Qp7/r7p7/r7N = (3.2)
(P1, 72, P2 720 M) p1(pL +p2)(rL +72) p1_ P2
(pr +r)[(p1 +p2)(r1 +72) + pari(pr +p2 + 71 +72) N1 Lo T2
G =—1t =12
pi i
C1 1-— Co
soal-c)
62(1 — 61)

5= (r1+72 4+ p1 +p2)(p172 — p2r1)
(r1 +72)(p1 + p2)
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Tup; * 5
Tdow‘n.‘ : 1.25
ms; : 0

ms; : V]
|ms; — ms;l/ms; - 100% : -
mb; : 0.1953
mb; : 0.2179
|mb; — mb;]/mb; - 100% : 11.57
% : 0

Bi: 1.2203
gz 0

Bi: 1.3617
JAPR/ATg0un,] : 0.0409
|APR/AT4own;l 0.0332

Fig. 2. System 1.

Tup; :
Tdown( ¢

msy
ms; :

|ms; - ms;]|/ms; - 100% :
n:b; :
mb; @
|mb; — mbi|/mb; - 100% :

IAPR/ATdown,-I :
iAPR/ATdown,’I :

Fig. 3. System 2.

0.2042
0.2337
14.45

0
1.276 /‘
0
1.4605 /‘

0.0384
0.0265

0.0647
0.0573
11.44

0.1462
0.1730
18.33

o387
0.9701

0.4569
1.1644

pV

0.0447
0.0497

0.0445
0.0553
24.27

0.1612

0.1916
18.86

0.3481
1.067 e
0.4547
1.2865 e

0.0418
0.0411
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0.822
0.099
20.44

0.1117

0.1357
21.49

/( 0.5973
0.7781

0.7451
0.9676

pY

0.049
0.058

0.0744
0.0942
26.61

0.1302

0.1581
21.43

0.5551
0.8973 e
0.734

1.1108 -

0.0522
0.0503

PR = 0.6048
PR = 0.5821
5 5 5 PR_PR 100% = 3.75%
1.25 1.25 1.25 PR
0.1126 0.1454 0.195
0.1357 0.173 0.2179
20.52 18.98 11.74
0.0817 0.0467 0
0.099 0.057 0
21.18 20.06 -

0.7839 0.9652 1.2189
0.5942 4 e

0.3571

0.9676 1.1644 1.3617
4 4

0.7451 0.4569 0
0.0533 0.0488 0.0392
0.0582 0.0497 0.0332

0.101
0.1269
25.64

0.1072
0.1269
18.38

0.7291
0.7668

0.9427
0.9427

0.0592
0.0535

a) Since the last machine is not blocked and the first is not
starved, production rate can be estimated as

PR(Pb 1, P2, T2, - .-

I
Y

, Py, T, N1, No, o

rg

= = b b
p£4 +7)]{4 pl +71

, Na—1)

(3.5)

Here, the first equality follows from (2.1) and the last

from (3.4).

PR = 0.5958
PR = 0.5663
5 5 5 BR_PR  100% = 4.95%
1.25 1.25 1.25 PR
0.125 0.1577 0.2034
0.1581 0.1916 0.2337
26.48 21.5 14.9
0.0779 0.0462 0
0.0942 0.0553 )
20.92 19.7 -
0.8659 1.0457 1.0457
e 0.5773 4 0.3596 e 0
1.1198 1.2865 1.4605
e 0.734 e 0.4547 4 0
0.0535 0.049 0.0386
0.0503 0.0411 0.0265
wheree;, ¢ = 1,2, is the machine efficiency given

by (2.1) and function@ is given in (3.2). The term
GQQ(pl, 71, P2, T2, Nl) [respectively, GlQ(pQ, T2, P1,

r1, N1)] is the probability of manufacturing starvation
of machinem, (respectively, manufacturing blockage of
machinem,). Since the production rate estimate (3.5)
can be rewritten as

PR(p1, m1, p2, 72, -, Py, T, N1, Noy oo, Nay_q)

b) Estimates of machine manufacturing blockage and starva-
tion are introduced as follows. It has been shown in [11]
that the production rate of line 1)—6) with two machines
can be calculated according to

PR =e¢y — e2Q(p1, 1, 2, T2, N1)
=e1 —e1Q(p2, 72, p1, 11, N1)

b b
=Cp — 61\4Q(p{4_1a T{/[_p DPrars Tars NM—l)
b b
=c1 — elQ(p27 T2, p{v T{v Nl)

we define the probabilities of manufacturing blockage
and starvation in system 1)-6) witf > 2 as

f

bob .
ms; :eiQ(pi_l, ri 1,0, Nic1), i=2,..., M
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PR =0.7267

PR = 0.7321
Tup; * 10 5 12.5 20 PR-PR  100% = 0.74%
Taown; : 2.5 1.25 3.125 5 PR

e 0 0.0566 0.1053 0.1955

ms; : 0 0.0594 0.1148 0.2005

|ms; — ms;|/ms; - 100% : —— 4.95 9.02 2.56

mb; : 0.1971 0.1396 0.0909 )

mb; : 0.2005 0.1523 0.1001 0

|mb; — mb;|/mb; - 100% : 1.73 9.1 10.12 -

P 0 0.4284 4.6406 19.5543

Z} e

B : 4.9273 e 0.9391 4 4.0891 e 0

7 0 0.459 5.1244 20.0475

Bi : 5.0119 7 1.0286 e 4.5629 4 0

|A}?§/ATdowni| : 0.0307 0.061 0.0207 0.0192

|APR/ODTgown ;) 0.0254 0.0696 0.0308 0.0166

Fig. 4. System 3.

PR = 0.6045
PR = 0.5995
Tup; : 66.667 50 20 66.667 LE=PE . 100% = 0.83%
Tdown; * 11.765 12.5 2.222 11.765 PR
e 0 0.0567 0.1485 0.1525
ms; 0 0.0611 0.1563 0.1504
|ma; — ma;|/ms; - 100% : -- 7.76 5.25 1.38
mb; : 0.1531 0.0475 0.0558 o
mb; 0.1504 0.0425 0.0534 0
|mb; — mb;|/mb; - 100% : 1.76 10.53 4.3 -
5 0 37.686 7.0368 119.61
Z’ H
B: : 008 7 ser 7 zen ¢ o
ot 0 40.3405 7.384 117.96
Bi: 117.96 / 28.79 7 aems ¢ o
|APR/AT4gun, | : 0.0059 0.0093 0.0124 0.0052
|APR/ AT 0un; | 0.0063 0.0094 0.019 0.0043
Fig. 5. System 4.
mb; :eiQ(prrl, r§’+1, p{, rf, N;), i=1,..., M —1. Seven of them, each illustrating a particular feature of the re-

(3.6) cursive procedure (3.1) and estimates (3.5) and (3.6), are shown
in Figs. 2-8. In each simulation run, zero initial occupancy of
) Lo all buffers has been assumed and 10 000 time units of warm-up
The accuracy of estimates (3.5) and (3.6) is discussed neXleing have been carried out. The time unit was assumed to
be the maximum of the machines’ average downtime divided
by 200. The next 40000 time units have been used to statis-
The analytical investigation of estimates (3.5) and (3.6) t&ally estimate the production raf2R and the probabilities
described in [15]. Under a number of hypotheses, it has beshmanufacturing starvation and blockages; and mb, of
shown that they result in sufficiently high precision. Howeveeach machine. Along with these “measured” performance
the hypotheses involved are difficult to verify. Therefore, weharacteristics, we calculated their analytical estimates (3.5),
present here only the numerical evaluation. (3.6) and their accuracy (percentage of error). These data are
We simulated dozens of systems defined by assumpticst®own in Figs. 2—8 along with the parameters of machines and
1)-6) with various machine and buffer parameters assumédffers. The numbers in the circles and rectangles represent the

C. Accuracy of the Estimates
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Tdown,' ¢

ms; :
ms; :

|ms; — ms;|/ms; - 100% :

;r:b,- B
mb; :

jmb; — mb;|/mb;

=

ot

Bi:

IAPR/ATdownil :
|APR/ATggunt

Fig. 6. System 5.

T“Pi :
Tdowni :

ms; :
ms; :

{ms; — ms;|/ms; - 100% :

nTb; B
mb; :

|mb; — mb;|/mb; - 100% :

=

-

Bi:
$:i(8:)

|APR/ATg0un;! ¢
IAPR/ATqun;] ¢

-100% :

0.2614
0.3134
19.89

6.5349

7.8338

0.027
0.0207

Fig. 7. System 6.

machine efficiency and buffer capacity, respectively. The laghd downtime are illustrated. Here, the accuracy is about 1%

66.667
11.765

| @

0.1222
0.1179
3.52

95.860

92.474

0.0067
0.0075

2.857
1.538

0.0545
0.051
6.422

0.059
0.1219
106.61

0.2633
0.2833

0.276
0.5815

IEEE TRANSACTIONS ON ROBOTICS AND AUTOMATION, VOL. 16, NO. 5, OCTOBER 2000

0.0638
0.0642
0.63

0.0096
0.004
58.33

40.344
6.5295

40.3409
2.7206

0.0099
0.0105

vd
v

12.49(15.50)

0.0864
0.0828

Ve
4

20
1.053

0.2588
0.3056
18.08

0.1537
0.2325
51.27

6.4998
4.4464

8.5198
7.2171

0.0037
0.018

20
2.222

0.1475
0.1524
3.32

0.026
0.0187
28.08

6.7513
1.3802

6.9152
1.0014

0.0036
0.0056

3.333
1.429

0.1282
0.1883
46.88

0.0329
0.0342
3.95

0.6408
0.1919

0.9429
0.223

66.667
11.765

0.1216
0.1179
3.04

92.474

0.0025
0.0007

Ve
Ve

5.25(8.01)

0.0644
0.0706

PR—PR
—_—
PR

1.25

0.2621
0.3134
19.57

0.0307
0.0282

PR = 0.6959

PR = 0.6996

- 100% = 0.54%

PR =o0.5378
PR =0.4866

PR_PR . 100% = 9.52%
PR

six rows of numbers in Figs. 2—8 refer to the BN identificatiofior PR and 10% forms andmb.
tool, considered in Section IV, and will be commented upon Figs. 5 and 6 represent systems, which differ only by the ca-
pacity of the buffers. ThER is evaluated in both cases with less

The production line in Fig. 2 consists of an even number tfian 1% error. Forns andmb, the accuracy is about 10% for
identical machines and identical buffers. In Fig. 3, a similar linghorter buffers and up to 60% for longer ones.

later on.

but with an odd number of machines is considered. The accuracysystems in Figs. 7 and 8 represent situations where a highly
of production rate evaluation in both system is within 5%:thut reliable machine is surrounded by machines with a substantially

andmb are estimated with much lower accuracy (about 25%pwer efficiency. In these situations, the accuracy is consistently
In Fig. 4, machines with equal efficiency but different uptim¢he lowest: about 10% fdPR and over 100% foms andmb.



CHIANG et al: DT-BNs IN SERIAL PRODUCTION LINES: THEORY AND APPLICATION 573

Fig. 8.

A few remarks concerning these data are in order.

1)

2)

3)

4)

5)

6)

PR = 0.4877
PR = 0.435

Tup; 3.333 2.857 20 6.667 6.667 2.857 PR-PR . 100% = 10.8%

Tdown; * 1.429 1.538 1.053 2.857 1.176 1.538 PR

ey 0 0.0637 0.2346 0.1231 0.242 0.1638

ms; 0 0.0589 0.3006 0.1851 0.3256 0.215

|ms; — msi|/ms: - 100% : - 7.53 28.13 50.37 34.55 31.26

mb; : 0.2119 0.0994 0.2281 0.0907 0.1205 0

mb; 0.265 0.1717 0.3137 0.1086 0.1448 0

|mb; — mb;1/mb; - 100% : 25.06 72.74 37.53 19.74 20.17 G-

P ) 0.3303 6.5 2.6926 2.2116 0.72

9;} H

B: : Loosz 7 oassz ¥ eates 7 zoess ¥ ramz 7 o

o 0 0.3517 9.4469 4.1737 3.0786 0.945

Bi: 1.2619 % 0.8297 ' gleses e 2.8118 v 1.8415 e 0

CACHE - 6.69(9.53) - 3.8(5.75) - 0.60(0.90)

|APR/ATdm,,,, | 0.0461 0.0612 0.0093 0.0328 0.0246  0.0478

IAPR/ATdown | 0.0338 0.0608 0.0134 0.0287 0.0298  0.0398

System 7.

In all cases consideredR is evaluated with a higher pre-
cision thanms andmb. Apparently, this happens because
the absolute value of the latter is much smaller than that
of the former, and the error of a similar (or even smaller)

. . upy * 7.3 10 11
absolute value results in a higher percentage. Taown; ¢ o5 L1111 L1111
Even thougtPR is evaluated, in some cases, with a sub-
stantial error, given that the data available on the factory % o s oo T
floor concerning machine and buffer parameters, are typ-
ically very unreliable and rarely are within 10% of their ~ 7¢° 0 S 0ss o 10285

. . [ 0.408 0.5976 0
real values, even these nonprecise estimates are of prac-
tical importance. {ﬁﬁﬁfﬁ?“’"'} : 0.0844 0.0726 0.0634
The probabilites of manufacturing starvation and downyl? 0.0781 0.0693 00597

blockagems and mb are often evaluated by (3.5) and,:Ig 9. Counterexample 1.
(3.6) with a very large percent of error. However, since
the absolute values of the errors are quite small, thes
estimates work well for BN machine identification
which relies on relative rather than absolute valuesiof
andmb (see Section V).

Estimates (3.5) and (3.6) are used below to introduce and
'evaluate a DT-BN identification tool for production lines 1)-6).

IV. DT-BN IDENTIFICATION TOOL

Contrary to the popular belief, increasing buffer capacity

does not necessarily lead to an increase in the accuracy oft was shown in [11] that machine:. is the DT-BN of a
the performance measures estimates. two-machine line if

The accuracy of the estimates is always lower when a

reliable machine is surrounded by unreliable ones. Ap- mb1 Tup, Tdown, > m82Tup, Tdown, - (4.2)

parently, this happens because the reliable machine in-

troduces strong interactions between the machines, and/aen the inequality is reserved, maching is the DT-BN.
weak coupling, assumaitk factoby recursive procedure Unfortunately, criterion (4.1) cannot be directly extended to
(3.1), is no longer valid. M-machine lines. The reason is in the following. Consider
Recursive procedure (3.1) converges very fast: the timetwo-machine Markovian line and calculatass. Attach
necessary to evaluate (3.1)—(3.6) is a fraction of a secoth@ third machine to the line. In this cases, will decrease
(using a Pentium 133-MHz processor). In contrast, digsincema may now be blocked and its demand for parts will
crete events simulations to estim®®, mis, andmb are decrease). To account for this possibility and to compensate
hours in duration. for the reduction ofms,, one may introduce an empirical
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Tur.’ : 17 11 17 17 11.5 17 17
Tiown; : 3 3 3 3 3
;. : 0 1.76 7.14 8.14 5.51 12.33 13.90
E:. . 13.92 /‘ 5.82 ‘/ 9.45 /‘ 8.35 /‘ 2.99 L/ 3.17 ‘/ V]
agi: V] 2.27 9.70 11.53 7.46 15.23 16.24
Bi - 16.24 /‘ 7.68 / 12.93 /‘ 11.40 /‘ 4.22 ‘/ 4.62 ‘/ 0
$:(S:): - 13.47(15.98) —— - 12.18(14.95) ——' —
|A;=’72/ATdowni| : 0.0142 0.0246 0.0195 0.020 0.0250 0.0150 0.0108
|APR/ATyoun,l 0.0116 0.0235 0.0185 0.0190 0.0249 0.0152 0.0112
Fig. 10. Counterexample 2.
coefficient 1/(1 — mbs/ep). Whenmb, is very small, this Op:2 Op4 Op-8 Op-120p.14
coefficient is, obviously, close to 1. However, whetb, is
significant, this coefficient modifies the measured or calculated Op.6 Op.10
ms, to produce an estimate of maching, starvation if no
blockage would have taken place (i.e., the starvationngf
ratherms).
Based on the above arguments, introduce the following pa-
rameters:
mb; . Op.1 Op.3 Op.5 Op.7 Op.9 Op.110p.130p.15
[31 = 7Tupdeownm t= 17 LR M-1
1—ms;/e; ) o
ms; Fig. 11. Topology of the production line.
0j =T Tdown, =2,...,M. (4.2)
1-— Tan/CZ

. ) ... .. mented on in Section I, the values &f, Bi anda;, 3; are in-
Ugmg these parameters, we formulate the DT-BN identificatiQl) yoq Both sets are calculated using (4.2), based on the “mea-
cnéenon_(;‘orj{;ng Mﬁrkov':/?n ll(me_s. i h in Figs. 2 Ssured” in discrete event simulation; andmb; for the former
onsiderii-machine viarkovian fines shown In FIgs. 2=0, (3.5) and (3.6ns; andmb; for the latter. In addition, es-
Assign arrows directed from one machine to another accordlﬁlgha,[eS of sensitiviyPR /AT, are included. Both “mea-

to the following. sured” and analytically estimated sensitivil@tPR/ATdowm

Rule 4.1: 1If and APR/AT,..n, have been evaluated by finite differences
B; > oit1, =1, M-1 with s_tepATdOWm = 0.1Tdo_wn7.. _ _
As it follows from these figures, Indicator 4.1 correctly iden-
the arrow is directed from machineto machinej + 1. If tifies the DT-BN machine. A minor discrepancy is in Fig. 2,
where, according to the simulationag is the DT-BN whereas
B < 0jt1, i=1...,M—-1 Indicator 4.1 shows that bottrs andm, are the DT-BNs. We
attribute this discrepancy to deficiency of simulations, since, as
the direction of the arrow is reversed. it follows from the reversibility property of serial lines [16],
Finally, introduce the numbel$; defined as follows: OPR/ITyown, should be equal t&dPR /T own,, as well as
mss = mby andmbs = misy.
S1=02 =1 In Fig. 3, the middle machingu, is the DT-BN, as it is ex-
S =(Bic1 +oit1) — (Bi + 03), 1=2,...,M—-1 pected to be in accordance with the so-called bowl phenomenon
Syt =PBy-1—oum. (4.3) [17], [18]. In Fig. 4, the machine with the shortest uptime and
downtime is the DT-BN, again as it is expected in view of the
We refer to these numbers BS| severity results of [11]. In Fig. 5, the machine with the highest efficiency

DT-BN Indicator 4.1: Consider a serial production line withms is the DT-BN, illustrating that the machine with the lowest
the arrows assigned according to Rule 4.1. Then, if there i®ficiency is not necessarily the BN. In Fig. 6, where the above
single machine with no arrows emanating from it, this machirigT-BN is protected by larger buffers, the DT-BN shifts to the
is the DT-BN. If there are multiple machines with no emanatingorst machinens. Finally, in Figs. 7 and 8, systems with sev-
arrows, the one with the largest severity is the DT-BN. eral machines having no emanating arrows are illustrated (the

This criterion was justified numerically. Several examples asalues of BN severitys and S, calculated according to (4.3),
illustrated in Figs. 2—-8. In these figures, along with the data corare also included here). Again, DT-BNs are identified correctly.
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TABLE |
OPERATIONS PARAMETERS
parameters Op.l1|{ Op.2 { Op3 | Op4 | Op.5 | Op.6 | Op.7 | Op.8
Cycle time [sec] : 3 3 3 3 3 3 3 3
up-time ratio: .994 .99 997 .992 .994 .996 998 | .996
Avg. down-time [min]: || 3.0 | 0.44 3.0 0.4 3.0 1.0 3.0 0.4
Isolation PR[parts/hr]: || 1193 | 1188 [ 1196 | 1190 | 1193 | 1195 | 1198 | 1195
Op.9 | Op.10 | Op.11 | Op.12 [ Op.13 | Op.14 | Op.15 | -
Cycle time [sec] : 3 3 3 3 3 3 3
up-time ratio: 994 | 992 .994 .996 .994 .998 997
Avg. down-time [min]: | 3.0 0.5 3.0 0.57 3.0 0.33 3.0
Isolation PRparts/hr]: || 1193 | 1190 | 1193 | 1195 | 1193 | 1198 | 1196

Cycle time[sec]: 3 3 3 3 3 3 3 3
Mach. efficiency: .994 .99 997 992 .994 .996 .998 .996
Avg. down-time[min]: 3.0 0.44 3.0 0.4 3.0 1.0 3.0 0.4

Fig. 12. Model of the production system.

Along with the above, a few counterexamples to Indicator 4
have been discovered. Two of them are shown in Figs. 9 and
In each counterexample, however, the difference between
sensitivity of the production rate to the downtime of the actu:
DT-BN and the one identified using Indicator 4.1 is very smale; : o
Therefore, we conclude that Indicator 4.1 can be used as a t
for DT-BN identification in Markovian serial production lines. ,

An application of this Indicator in a case study is discussssi :
next.

0.09 0.31 1.25

U A VA A A

0.72 7.43 1.01

41.69 32.90 6.65 135.38

77.93 0.85 128.81 48.12 128.51

118.68 - 160.68 - 169.41 - 176.08

V. CASE StuDY

The DT-BN indicator described above was used in the desi
of a production line at an automotive component plant. Tt
layout of the system is shown in Fig. 11. It consists of 15 o
erations (machines) each performing a complex automal
calibration, test, or transfer manipulation. Performance a
reliability characteristics of the machines are summarized -T 9399 -
Table 1. According to these data, Op. 2 is the worst machit DT-BN: Op.8
in the system, as far as the production rate in isolation is
concerned. The problem was to determine if Op. 2 is indeed i@ 13- DPT-BN identification: the original design.

BN and, if not, suggest measures for achieving this situation
and increasing production rate of the system as awhole.  (3.1)—-(3.6) and DT-BN indicator of Section IV, we arrive

A model of the production line at hand with the machinat Fig. 13, which indicates that the DT-BN is Op. 8. Since
and buffer parameters identified from Table | and from th@p. 8 is not the worst in the system, we conclude that the buffer
system layout is shown in Fig. 12. Using recursive procedus&ructure proposed is not poterit-a-vizthe predicted machine

84.92 -

PR=1130 parts/hour

166.80 -=
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oi 0 0.09 40.99 0.31 32.46 6.57 133.71 0.96 o 0 0.09 40.68 0.31 32.43 5.13 82.79 0.52
Bi: 48.75 0.47 68.53 0.31 17.41 2.24 34.05 0.46 Bi: 33.0 0.27 36.05 0.10 0.66 0.95 36.73 0.46
Si:y —= 89.18 - 100.36 -= 142.31 - 51.74 Sir —— 73.38 - 68.07 - —_ - 42.53

- 64.41 - 56.97 - 109.28 - - 48.68 - 41.94 - - -
DT-BN: Op.6 P R=1154 parts/hour DT-BN: Op.2 PR=1166 parts/hour
Fig. 14. DT-BN identification:N; = 20,¢ = 7, 8. Fig. 16. DT-BN identification:V, = 20,i = 5,6,7,8,13,14.

VI. CONCLUSIONS

This paper presents a simple method for DT-BN identifica-
tion in serial production lines with Markovian machines (i.e.,
when uptime and downtime are distributed exponentially). The
information necessary for its application is the average uptime
and downtime of the machines and the frequency of their block-
Ser ~— 748 —-— 7097 -——  -- == 5564 ages and starvations. Both can be measured on the factory floor
during the normal system operation. Alternatively, they can be
evaluated using the performance analysis technique described
in Section IIl. Thus, the results of this paper provide a practical
tool for BN identification in large volume manufacturing envi-

i o} 0.09 40.70 0.31 32.41 4.66 71.49 0.41

A A A A A Y

Bi: 34.47 0.28 38.98 0.12 2.2 1.69 52.71 0.61

3.88 0.22  19.90 1.44 3022 1.36  78.12 ronment.
A AV A S
30.83  0.45 15.17  0.62 1.52 0.13 0 APPENDIX
—— 5006 —-— 4332 —— 8115 —— PrROOFS FORSECTION IlI

DT-BN: Op.14 PR=1165 parts/hour To prove Theorem 3.1, we need the following facts.

Lemma A.1:FunctionQ(ps, s, py, 7y, N), N € Ry, de-
fined in (3.2), has the following properties:

o ) a) monotonically increasing in,;
reliability, and an improvement of the performance may be b) monotonically decreasing in,:

obtained by modifying the capacity of the buffers. c) monotonically decreasing in,;

To protect the DT-BN, we increase the capacity of the buffers d) monotonically increasing in,;
in front and after Op. 8 from 1 to 20. The resulting performance e) monotonically decreasing iN;
is shown in Fig. 14; DT-BN now is Op. 6. Increasibgandbg f) takes values in (0,1).
to 20, we calculate that the new DT-BN is Op. 14 (Fig. 15). Pro- Proof: Forthe case, # c,, wheree, = 1, /(py+r,)and
tecting this operation by larger buffers, we arrive at the systemgn - ) ) rewritmeQ( v’ , ""T ]("7) a; fO":)WS'
Fig. 16, where the DT-BN is Op. 2. Since this is the slowestma? ¥ Py T Ty): Pas Ty Py Ty '
chine in the system and since the production rate (1166 parts/h)

Fig. 15. DT-BN identification:V; = 20,7 = 5,6,7,8.

is close to that of Op. 2 in isolation (1188 parts/h), we conclude  (p,., r,, Dys Ty N) = 1-c (A.1)
that the buffer structure arrived at is potent. 14 ¢ (1—e=0N)
The plant management incorporated these recommendations 1-9¢

into the final design of the system. At present, the systemis fully

operational and, according to production personnel, operatesvaere¢ = (e.(1 — ¢,))/(ey,(1 — &) andf = ((ro + 74 +
the level predicted by this study. Unfortunately, no quantitative. + p,)(p.7y — py7))/((r= + 7y )(px + py)). Differentiating
information to this effect could be obtained from the plant. the denominator of (A.1) with respect ig., we obtain (A.2),
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shown at the bottom of the page. Consider two cases< e,
ande, > ¢y. If ¢, < ¢, we have
and 3> 0.

DaTy > PyTa (A.3)

Similarly, statement a) holds for the case> ¢, as well.
If ¢, = ¢y, calculating@(p, + Ap, 74, py, 7y, N) yields

Q(p“” +Ap, Tzy Pys Ty, N) = w

Introducef (V) by (A.4), shown at the bottom of the page. Since

F0) = rapyry /((Pary — Py72)?), f(00) = 0, and

Af(N) — BN { —PyTz
ON (P +1py)?
PyTal(pe + py)27’y + (e + 7’y)2py] }
(P + py)2(re + 7y ) (PeTy — PyT)
(A.5)

—BN

<0

function f(N) takes values if0, (r.py7y/(Pzry — PyTz)?)]-
Substituting the value of (V) into (A.2), we obtain

a1+ 13 i)d)(l — e_'ﬁN)}

Ops

<0 (A.6)

i.e., the denominator of (A.1) is monotonically decreasing,in
. Th
Therefore, using (A.6) and the fact that the numerator of (A.

is monotonically increasing ip,.

aQ(paza Tz Pys Ty, N)

1— /e PN

where Ap > 0, ¢/ = (ch(l — ¢,))/(e,1 — &),

ey, = ru/(ps + Ap + r.), ande, = r,/(p, + r,). Thus,
Q(p. + Ap, 72, py, 7y, N) is defined in the first equation
shown at the bottom of the next page. Therefore, we get the
middle equation shown at the bottom of the next page, i.e.,
Q(pz, 7z, Py, Ty, N) is monotonically increasing ip,, for the
casee, = ¢,. Similarly, we obtain

(Q(paszazvpvayv N) _Q(pa:_Avavavayv N))
Ap

lim > 0.

Ap—0
This proves statement a). Statements b), c), and d) are proved
analogously.
For statements e) and f),df, < ¢,, from (A.1) and (A.3)
P <1 5> 0.
us, the tern{¢/(1 — ¢))(1 — =A%) in the denominator of
%A.l) is positive and monotonically increasing M. There-

fore, we conclude that < Q(p., 72, py, 7y, N) < 1 and
Q(ps, 72, Py, Ty, IN) is monotonically decreasing iv.

ap > 0. A7) If ez > ey, from (A.1) and (A.8)
If ¢, > e,, we have ¢>1  p<0
pary <Dpyre and S <0. (A.8) Which imply (¢/(1 — ¢)(1 — e M) in (A1) is
positive and monotonically increasing inV. Hence,
From (A.4), (A.5), and (A.8) 0 < Q(pe; T2, Py, 7ys N) < LandQ(pa, 72, py, 1y, N) IS
monotonically decreasing ifv.
TePyTy Consider the case ef, = ¢,. SinceN > 0, using (3.1), we
J(N) e <_°°v (p27y — D, 7,T)2:| : (A.9) get the equation shown at the bottom of the page 13. From this
R expression, it is easy to see that funct@(.., 7., py, 7y, N)
Hence, using (A.2) is monotonically decreasing iN. This completes the prool
Lemma A.2: Considerp! (s), v/ (s), pt(s), andr?(s), i =
al1 @ 1 o—ON 1, ..., M, defined by recursive procedure (3.1). If for al=
+1_¢( —e ) < 0 2,...,M,pjf(s)>pjf(s—1)andrf(s)<r{(s—1),thenfor
o =0 AL0) allj=1,..0, M—1,pb(s+1) < pi(s), andrt(s+1) > r¥(s).
0 ¢ —8N } —TxPyTy —8N
— |14+ ——(1—¢" = —HVY 4
apac |: 1_(/)( ) (pava _py7’ac)2
. { 7pr7y 5+ NT”"py[(p-T +py)(ratry "Zpr +p%/)7’y _)(7’-7: +7:y)(pm7’y_py7’m)] } (A.2)
(PaTy—PyT2) (P +py)? (12 471y ) (PaTy =Py

TaPyTy

e—,@]\’{
(pary — PyTa)?

NTacpy[(pw +py)(7’w Tyt Px +py)7’y —(ra + 7’y)(pac7’y - pmi)] } — (N
* (P +py)2(7’w + 7’y)(pac7’y - pyTﬂc) FN)

(A.4)
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Proof (By Induction): Under the above assumption, forForj = M — 2, M — 3, ...2, 1, we have

Jj =M —1, using Lemma A.1, we obtain Q(pljﬂ(s +1), 7’2+1(5 +1), p]f(é,% T}“(S)’ N;)
b b f S
Q(p]w, TM, p&_l(s), 7‘1{4_1(8), Nj\l—l) < Q(pj+l(3)7 7j+1(3)7 pj (3)7 7j (3)7 Nj)
< Q(par, T, pil—l(s —1), 7‘1{4_1(8 —1), Najoq). < Q(plj)'-l—l(s)v 7’§+1(8), pjc(s - 1), 7Jf(3 - 1), NJ)
Therefore

From the recursive procedure (3.1), due to the above inequali%(s 1)
J
by

b _
Pr—1(s+1) =
_ PM—1 1- Q(p2'+1($ + 1)7 7)2-1—1(3 + 1)7p;'c($)7 7110(5)7 NJ)
= p;
1- Q(pM77‘1\4717&71(3)77’{471(3)7 Nar-1) <
< PM-—1 1- Q(pl])'—l—l(s)v T?—l—l(s)vpj'c(s - 1)7 75(8 - 1)7 NJ)
_ b
1= Qpar o, phy_y (5= 1),73 1 (s = 1), Ny_y) = p,(s),
b
= phy_1(s) ri(s+1)
i i(s+1) = ; ; 1 7 7
_ 1 Q(pj+1(3+1)77’j+1(3+1)7pj (3)77;]' (3)7NJ) + i
Q(pagsa, oy (8): 751 (), Nnr—1) n 1 pj (¥
PM-1 TM-1 > ; ; 7 1 7
S 1 QPF41(8):7541(8), pi (s = 1), 73 (s — 1), Ny) n 1
Qpar,mar, Phy 16— 1,75 16—, Nay—1) 4 1 Pj T
PM—1 TM—1 = 7?(3)
= 1 (8)- n
Q(pm + Ap, Ty Pys Ty N)
Pa + Ap Ap
_ Pz + Ap+71s py+ Ap
1— Py ((retry Aty )y AD) /(e + AP (e tr,)) N
Ty(pa: + Ap)
Pa + Ap Ap
€T A ‘ac €T A
= P TP T P EED 4 0(ap)
1— TxDy 1_ (7x+7y +px+py)7y pN
Ty (pa: + Ap) (pa: +Ap + py)(nf + 7’y)
x K )a: K x A
(pz + Ap +72)[(p= + py)(nf + 7’y) + 7’wpy(7’w + 1y + P+ py)N]
lim (Q(pr + Ap, TasPys Ty N) - Q(pma Ty Pys Ty, N))
Ap—0 Ap
( (P2 + Py) (72 + 7y) (P> + Ap) )
(Px + Ap +72)[(pe + py) (72 + 7y) + 72py (72 + 7y + P + py)N]
_ (pa: + py)(Tw + 7y )pw
— lim (P2 +72)[(Pe + Py)(ra +7y) + 2Py (re + 7y + Po + py) V] + O(Ap)
Ap—0 Ap

_ (B4 )2+ 7)1 >

(pac + 7’1:)2[(171: + py)(rl‘ + Ty) + T2py (Tm + 7y + P+ py)N]
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LemmaA.3:Ifforall j =1, ..., M —1,p5(s+1) < pi(s)
andr’(s+1) > r(s), thenforallj = 2, ..., M,pl(s+1) >
pf(s) andw{(s +1) < 7Jf(s)

Proof: Similar to the proof of Lemma A.2. [ |

Lemma A.4:Sequencep§(s) andp’(s) are monotonically
increasing and sequenog‘s{s) andr?(s) are monotonically de-
creasing.

Proof: By Induction: Fors = 0, due to statement f) of

Lemma A.1, we have
f _ pj
pi(l) =
! 1— Qpl_y (1), rl_1 (1), p2(1),7%(1), N; 1)

>pj= p]f(()),

<rj= 7’{(0),

Assume that fos > 0

pl(s)>pl(s—1), 2<j<M
M) <ri(s—1),  2<j<M.
Then by Lemma A.2
Pi(s+1) <pi(s), 1<j<M-—1
7’?(34— 1) >7’;’»(3), 1<j<M-1
So, by Lemma A.3
pls+1)>pj(s), 2<j<M
v v
ri(s+1) <rj(s), 2<5<M.

n
Proof of Theorem 3.1:Since the sequence$(s), ! (s),

pt(s), andr?(s),1 < j < M, are monotonic (Lemma A.4) and
bounded from above and below (Lemma A.1), they are conv@riherefore, we conclude thRR,; = efcﬁf/ei, t=1, ...

gent.

To prove thatr!, /pf, = +¢/pt, consider the steady-state

equations of the recursive procedure (3.1)
Di

b .
p; = , 1<:<M-1
1- Q(pli)+177)§)+17pzfv7)zvai)
1
b .
T, = , 1<i<M-1
Q(ps‘,)-l—lng,)-l—lvp{ﬂ{vNi) + i
Y43 T
f_ pi .
p; = , 2<i< M
C1-Ql Ll Ny
1
77f - S f b b ? 2<i<M
QWi_1,7i_1,0i,75, Ni—1) n l
Di 75
(A.12)
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Define
!
e{:fiz, i=1,....,M
ri tD;
b T}
S = i=1,..., M. A.12
CZ T? +p$7 4 ) ) ( )
From (A.11) and (A.12), we have
Cli):Ci[l_Q(pg-l—lvT?—l—lvpzfﬂ)zfvNi)]7 1SLSM_1
ezf IGi[l—Q(pi_l,7{_1,])?,7’?,]\@_1)], 2<i<M
6{ =€
& =em (A.13)
where functiort) is defined in (3.2). IntroducgV/ —1) two-ma-
chine one-buffer production linds;,i = 1, ..., M —1, where

the first machine has the uptime param@{eand the downtime
parametef{ , the secong?_; andr?, ,, and the buffer capacity
is N;. The following properties hold. L& R,; be the produc-
tion rate of lineL;, i = 1, ..., M — 1, and letPRy; = ¢,
Then,PR; = ¢/el/e;, i =1, ..., M. MoreoverPR; = PR;,
Vi # i

The proof of the above properties is as follows. From [11],
forl < i< M —1, we have

PR; =¢/[1— Qlyy, rbpy. ol vl Ni)

f
!
:Ci[l - Q(pli)+17 7€+17 pzfv 7{7 NZ)]_Z

: (A.14)
Using (A.13) results in
S cb
PR, =2% =1, M-1
€;
and
S S
PRy :eﬁl _ CmOM 6]\46?\4'
2.7 2.7
, M.In

addition, from (A.13)

clet _ el foof b b
PR; ===+ = —e;[1 = Qpj_y, vy, p; 775 Nio1)]
Cj Ci
:elz)[l - Q(pzf_lv Tzf_lv pf? T?v Nifl)]
—PR, 1, i=2 ...,M.

As it follows from the above properties, we obtdiiR; =
e{el{/el = eileﬂ’w/eM. Sincee{ = e; andeh; = ey, we ob-
tainPR, = ¢! = ¢},,i.e.,PRy = #¥/(p} + 1) =1,/ (0, +
ri,). Thereforesd, /pt, = 4 /ph. ]
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