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DT-Bottlenecks in Serial Production Lines:
Theory and Application

Shu-Yin Chiang, Member, IEEE, Chih-Tsung Kuo, Member, IEEE, and Semyon M. Meerkov, Fellow, IEEE

Abstract—The bottleneck (BN) of a production line is a machine
that impedes the system’s performance in the strongest manner.
It has been shown in the previous work that the so-called down-
time bottlenecks (DT-BNs) are of main industrial importance. In
this paper, a method for DT-BN identification is developed in the
framework of serial production lines with unreliable (Markovian)
machines and finite buffers. The identification tool derived is based
on the probabilities of machine blockages and starvations. To eval-
uate these probabilities, a novel aggregation technique is proposed.
The results obtained are applied to the design of a production line
at an automotive component plant.

Index Terms—Bottleneck, downtime, identification, production
lines.

I. INTRODUCTION

PRODUCTION lines are sets of machines arranged so as
to produce a finished product or a component of a product.

Machines are typically unreliable and experience random break-
downs, which lead to unscheduled downtime and loss of produc-
tion. Breakdowns of a machine affects all other machines in the
system, causing blockage of those upstream and starvation of
those downstream. To minimize these perturbations, machines
are separated by finite buffers, the empty space of which protects
against blockage and the full against starvation. Thus, produc-
tion lines may be modeled as sets of machines and buffers con-
nected according to a certain topology. In this paper, we study
systems with linear topology, i.e., serial production lines (see
Fig. 1, where the circles are the machines and the rectangles are
the buffers).

Statistics of the machine downtime depend on the type of
manufacturing operations involved. Specifically, in assembly
operations, where the downtime is often due to quality prob-
lems, most interruptions are quite short and comparable with
the cycle time (i.e., the time necessary to accomplish an opera-
tion). In machining operations, the downtime is typically due to
mechanical breakdowns and is much longer than the cycle time.
Accordingly, breakdowns in assembly lines are often modeled
by the process of Bernoulli trials, i.e., during each cycle time, a
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Fig. 1. Serial production line.

machine, which is not blocked and not starved, produces a part
with a fixed probability and fails to do so with the complemen-
tary probability. In machining operations, machine reliability is
often modeled by a Markov process, i.e., if a machine is up (re-
spectively, down), it goes down (respectively, up) during an in-
finitesimal time interval with a fixed probability rate. This gives
rise to uptime and downtime being distributed exponentially and
to Markovian, rather than Bernoulli, description of machine re-
liability. Serial production lines with Bernoulli machines have
been analyzed in [1] and [2] and with Markovian machines in
the majority of publications on production lines (see [3]–[9] for
the origin and recent status of this literature). The current paper
addresses the Markovian case.

Due to machine breakdowns, production systems often pro-
duce at a level far below their capacity, i.e., the amount of pro-
duction that can be obtained when no unscheduled downtime
takes place. For instance, it is not uncommon in the automotive
industry that production lines in machining operations produce
at the level of 60%–70% of their capacity. In this situation, iden-
tification and improvement of a machine, which is most respon-
sible for these losses, is an important problem of production line
management and control. Such a machine is referred to as the
bottleneck (BN).

The notion of BN in Bernoulli lines has been formalized and
analyzed in [10]. It has been shown that if a machine is blocked
more often than it is starved, the BN is downstream of this ma-
chine; otherwise, the BN is upstream. The problem of BN identi-
fication in Markovian lines has been formulated in [11]. Several
notions of BNs have been introduced, depending on whether the
uptime or the downtime is addressed. These were referred to as
the uptime BN (UT-BN) and downtime BN (DT-BN), respec-
tively. It has been shown that if the production rate of each ma-
chine in isolation is above 50% of its capacity (which is almost
always the case on the factory floor), decreasing downtime re-
sults in a larger increase of the system production rate than a
corresponding increase of the uptime. This leads to the conclu-
sion that DT-BNs are of main industrial importance (see [11]
for details).

The problem of DT-BN identification in two-machine lines
was analyzed in [11]. No results for longer lines have been ob-
tained.The goal of this paper is to provide a tool for DT-BN
identification in longer lines and illustrate its application by a
recent case study.

1042–296X/00$10.00 © 2000 IEEE
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Results obtained in [11] have been derived using closed-form
expressions for the system performance measures as functions
of the machine and buffer parameters. Unfortunately, such ex-
pressions are not available for longer lines. Although efficient
recursive approximations do exist [4]–[9], none is proven to
converge. Moreover, existing approximations are not directly
applicable to production systems considered in this work (see
Section II). Therefore, in this paper, we first develop a novel
aggregation procedure for performance analysis of Markovian
production lines, prove its convergence, evaluate its accuracy,
and then apply it to DT-BN identification.

The outline of the paper is as follows. In Section II, the
model of the production line under consideration is introduced
and the problem of DT-BN identification is formulated. In
Section III, performance evaluation issues are discussed.
Section IV presents the DT-BN identification technique. The
case study is described in Section V. The conclusions are given
in Section VI. The proof of convergence is included in the
Appendix.

II. PROBLEM FORMULATION

The following model of a serial production line is considered
throughout this work.

1) The system consists of machines arranged serially and
buffers separating each pair of machines.

2) Each machine has two states: up and down. When up,
the machine is capable of producing with the rate 1 part
per unit of time (cycle); when the machine is down, no
production takes place.

3) The uptime and the downtime of each machineare
random variables distributed exponentially with parame-
ters and , respectively.

4) Each buffer is characterized by its capacity ,
.

5) Machine is starved at time if buffer is empty
and fails to put a part into at time ; machine

is never starved.
6) Machine is blocked at time if buffer is full and

fails to take a part from at time ; machine
is never blocked.

A production line defined by 1)–6) is denoted as
.

Remark 2.1:Due to assumption 3), the average uptime and
downtime of the machines are

Therefore, the production rate in isolation of each machine (i.e.,
the average number of parts produced per unit of time if no
starvation or blockage takes place) is

(2.1)
The isolation production rate is often referred to as the ma-
chine efficiency and is denoted as . Note that

the machine efficiency depends only on the ratio of and
, rather than on their absolute values.

Production rate of the line
is the average number of parts produced by the last

machine per cycle. Given model 1)–6), the production rate
is a function of the machine and buffer parameters

(2.2)
We use this function to define the DT-BN.

Definition 2.1 [11]: Machine is the DT-BN if

(2.3)

Remark 2.2:Throughout this paper, symbols with the “”
denote the exact values of the appropriate quantity. The respec-
tive approximations, to be introduced below, are denoted by the
same symbols, but without the “.”

Unfortunately, direct identification of DT-BN using Defini-
tion 2.1 is impossible. The reason is twofold. First, the deriva-
tives of cannot be measured on the factory floor during the
normal system operation. Second, in most cases, they cannot
be calculated analytically as well, since, as it has been pointed
out above, even the calculation of itself for systems with
more than two machines is impossible, let alone the calculation
of its derivative. In addition, the perturbation analysis [12]–[14]
cannot be applied either since no discrete event model of the
system is assumed to be available, and moreover, parameters of
the machines and buffers may be unknown. Therefore, the iden-
tification method has to be an indirect one. More specifically,
we are seeking a DT-BN identification tool, which is based on
the data available on the factory floor through real-time mea-
surement (such as average uptime and downtime, starvation and
blockage time, etc.) or on the data that can be constructively cal-
culated using the machine and buffer parameters (but without
using discrete event simulations). We refer to this tool as the
DT-BN Indicator . The problem, then, addressed in this paper
is as follows:Given a production system defined by assumptions
1)–6), derive an indicator for DT-BN identification.

III. PERFORMANCEEVALUATION IN SERIAL LINES

WITH MARKOVIAN MACHINES

A. Performance Measures

Performance measures of interest in this work are the system
production rate and the probabilities of machine manufacturing
starvation and blockage. The former is defined in Section II [see
the text above expression (2.2)]. The latter are defined as

fails to put a part into at time

is empty at time

is up at time

is up at time

is full at time

fails to take a part from at time
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These probabilities are functions of the machine and buffer pa-
rameters

A recursive procedure for estimating these performance mea-
sures is given next.

B. Recursive Procedure and Estimates of Performance
Measures

A recursive procedure considered in this work iterates the
values of , , and to produce a sequence of numbers ,

, , and , according to the rule
(3.1), shown at the bottom of the page, with boundary condi-
tions

and initial conditions

where function is given in (3.2), shown at the bottom of the
page.

There are two principal components of this procedure: back-
ward and forward aggregation (denoted by superscriptsand

, respectively). In the backward aggregation, the last two ma-
chines and are aggregated into a single machine

, defined by parameters and . Then, machine
is aggregated with to result in , defined by
and , and so on until all machines are aggregated

into . In the forward aggregation, the first machine is ag-
gregated with to produce with parameters and .
Then, is aggregated with to result in , and so on until
all machines are aggregated into . Then, the process is re-
peated again.

The question of convergence of the resulting sequences,
, , and , , is answered in the fol-

lowing theorem.
Theorem 3.1:Recursive procedure (3.1) is convergent and,

therefore, the following limits exist:

(3.3)

Moreover, the following relationship holds:

(3.4)

Proof: See the Appendix.
The limits in (3.3) can be used to define estimates of perfor-

mance measures for line 1)–6).

(3.1)

(3.2)
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Fig. 2. System 1.

Fig. 3. System 2.

a) Since the last machine is not blocked and the first is not
starved, production rate can be estimated as

(3.5)

Here, the first equality follows from (2.1) and the last
from (3.4).

b) Estimates of machine manufacturing blockage and starva-
tion are introduced as follows. It has been shown in [11]
that the production rate of line 1)–6) with two machines
can be calculated according to

where , is the machine efficiency given
by (2.1) and function is given in (3.2). The term

[respectively,
] is the probability of manufacturing starvation

of machine (respectively, manufacturing blockage of
machine ). Since the production rate estimate (3.5)
can be rewritten as

we define the probabilities of manufacturing blockage
and starvation in system 1)–6) with as
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Fig. 4. System 3.

Fig. 5. System 4.

(3.6)

The accuracy of estimates (3.5) and (3.6) is discussed next.

C. Accuracy of the Estimates

The analytical investigation of estimates (3.5) and (3.6) is
described in [15]. Under a number of hypotheses, it has been
shown that they result in sufficiently high precision. However,
the hypotheses involved are difficult to verify. Therefore, we
present here only the numerical evaluation.

We simulated dozens of systems defined by assumptions
1)–6) with various machine and buffer parameters assumed.

Seven of them, each illustrating a particular feature of the re-
cursive procedure (3.1) and estimates (3.5) and (3.6), are shown
in Figs. 2–8. In each simulation run, zero initial occupancy of
all buffers has been assumed and 10 000 time units of warm-up
period have been carried out. The time unit was assumed to
be the maximum of the machines’ average downtime divided
by 200. The next 40 000 time units have been used to statis-
tically estimate the production rate and the probabilities
of manufacturing starvation and blockage and of
each machine. Along with these “measured” performance
characteristics, we calculated their analytical estimates (3.5),
(3.6) and their accuracy (percentage of error). These data are
shown in Figs. 2–8 along with the parameters of machines and
buffers. The numbers in the circles and rectangles represent the
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Fig. 6. System 5.

Fig. 7. System 6.

machine efficiency and buffer capacity, respectively. The last
six rows of numbers in Figs. 2–8 refer to the BN identification
tool, considered in Section IV, and will be commented upon
later on.

The production line in Fig. 2 consists of an even number of
identical machines and identical buffers. In Fig. 3, a similar line
but with an odd number of machines is considered. The accuracy
of production rate evaluation in both system is within 5% but
and are estimated with much lower accuracy (about 25%).
In Fig. 4, machines with equal efficiency but different uptime

and downtime are illustrated. Here, the accuracy is about 1%
for and 10% for and .

Figs. 5 and 6 represent systems, which differ only by the ca-
pacity of the buffers. The is evaluated in both cases with less
than 1% error. For and , the accuracy is about 10% for
shorter buffers and up to 60% for longer ones.

Systems in Figs. 7 and 8 represent situations where a highly
reliable machine is surrounded by machines with a substantially
lower efficiency. In these situations, the accuracy is consistently
the lowest: about 10% for and over 100% for and .
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Fig. 8. System 7.

A few remarks concerning these data are in order.

1) In all cases considered, is evaluated with a higher pre-
cision than and . Apparently, this happens because
the absolute value of the latter is much smaller than that
of the former, and the error of a similar (or even smaller)
absolute value results in a higher percentage.

2) Even though is evaluated, in some cases, with a sub-
stantial error, given that the data available on the factory
floor concerning machine and buffer parameters, are typ-
ically very unreliable and rarely are within 10% of their
real values, even these nonprecise estimates are of prac-
tical importance.

3) The probabilities of manufacturing starvation and
blockage and are often evaluated by (3.5) and
(3.6) with a very large percent of error. However, since
the absolute values of the errors are quite small, these
estimates work well for BN machine identification,
which relies on relative rather than absolute values of
and (see Section IV).

4) Contrary to the popular belief, increasing buffer capacity
does not necessarily lead to an increase in the accuracy of
the performance measures estimates.

5) The accuracy of the estimates is always lower when a
reliable machine is surrounded by unreliable ones. Ap-
parently, this happens because the reliable machine in-
troduces strong interactions between the machines, and a
weak coupling, assumedde factoby recursive procedure
(3.1), is no longer valid.

6) Recursive procedure (3.1) converges very fast: the time
necessary to evaluate (3.1)–(3.6) is a fraction of a second
(using a Pentium 133-MHz processor). In contrast, dis-
crete events simulations to estimate , , and are
hours in duration.

Fig. 9. Counterexample 1.

Estimates (3.5) and (3.6) are used below to introduce and
evaluate a DT-BN identification tool for production lines 1)–6).

IV. DT-BN I DENTIFICATION TOOL

It was shown in [11] that machine is the DT-BN of a
two-machine line if

(4.1)

When the inequality is reserved, machine is the DT-BN.
Unfortunately, criterion (4.1) cannot be directly extended to

-machine lines. The reason is in the following. Consider
a two-machine Markovian line and calculate . Attach
the third machine to the line. In this case, will decrease
(since may now be blocked and its demand for parts will
decrease). To account for this possibility and to compensate
for the reduction of , one may introduce an empirical
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Fig. 10. Counterexample 2.

coefficient . When is very small, this
coefficient is, obviously, close to 1. However, when is
significant, this coefficient modifies the measured or calculated

to produce an estimate of machine starvation if no
blockage would have taken place (i.e., the starvation of
rather ).

Based on the above arguments, introduce the following pa-
rameters:

(4.2)

Using these parameters, we formulate the DT-BN identification
criterion for long Markovian lines.

Consider -machine Markovian lines shown in Figs. 2–8.
Assign arrows directed from one machine to another according
to the following.

Rule 4.1: If

the arrow is directed from machineto machine . If

the direction of the arrow is reversed.
Finally, introduce the numbers defined as follows:

(4.3)

We refer to these numbers asBN severity.
DT-BN Indicator 4.1:Consider a serial production line with

the arrows assigned according to Rule 4.1. Then, if there is a
single machine with no arrows emanating from it, this machine
is the DT-BN. If there are multiple machines with no emanating
arrows, the one with the largest severity is the DT-BN.

This criterion was justified numerically. Several examples are
illustrated in Figs. 2–8. In these figures, along with the data com-

Fig. 11. Topology of the production line.

mented on in Section III, the values of, and , are in-
cluded. Both sets are calculated using (4.2), based on the “mea-
sured” in discrete event simulations and for the former
and (3.5) and (3.6) and for the latter. In addition, es-
timates of sensitivity are included. Both “mea-
sured” and analytically estimated sensitivity,
and have been evaluated by finite differences
with step .

As it follows from these figures, Indicator 4.1 correctly iden-
tifies the DT-BN machine. A minor discrepancy is in Fig. 2,
where, according to the simulations, is the DT-BN whereas
Indicator 4.1 shows that both and are the DT-BNs. We
attribute this discrepancy to deficiency of simulations, since, as
it follows from the reversibility property of serial lines [16],

should be equal to , as well as
and .

In Fig. 3, the middle machine is the DT-BN, as it is ex-
pected to be in accordance with the so-called bowl phenomenon
[17], [18]. In Fig. 4, the machine with the shortest uptime and
downtime is the DT-BN, again as it is expected in view of the
results of [11]. In Fig. 5, the machine with the highest efficiency

is the DT-BN, illustrating that the machine with the lowest
efficiency is not necessarily the BN. In Fig. 6, where the above
DT-BN is protected by larger buffers, the DT-BN shifts to the
worst machine . Finally, in Figs. 7 and 8, systems with sev-
eral machines having no emanating arrows are illustrated (the
values of BN severity and , calculated according to (4.3),
are also included here). Again, DT-BNs are identified correctly.
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TABLE I
OPERATIONSPARAMETERS

Fig. 12. Model of the production system.

Along with the above, a few counterexamples to Indicator 4.1
have been discovered. Two of them are shown in Figs. 9 and 10.
In each counterexample, however, the difference between the
sensitivity of the production rate to the downtime of the actual
DT-BN and the one identified using Indicator 4.1 is very small.
Therefore, we conclude that Indicator 4.1 can be used as a tool
for DT-BN identification in Markovian serial production lines.

An application of this Indicator in a case study is discussed
next.

V. CASE STUDY

The DT-BN indicator described above was used in the design
of a production line at an automotive component plant. The
layout of the system is shown in Fig. 11. It consists of 15 op-
erations (machines) each performing a complex automated
calibration, test, or transfer manipulation. Performance and
reliability characteristics of the machines are summarized in
Table I. According to these data, Op. 2 is the worst machine
in the system, as far as the production rate in isolation is
concerned. The problem was to determine if Op. 2 is indeed the
BN and, if not, suggest measures for achieving this situation
and increasing production rate of the system as a whole.

A model of the production line at hand with the machine
and buffer parameters identified from Table I and from the
system layout is shown in Fig. 12. Using recursive procedure

Fig. 13. DT-BN identification: the original design.

(3.1)–(3.6) and DT-BN indicator of Section IV, we arrive
at Fig. 13, which indicates that the DT-BN is Op. 8. Since
Op. 8 is not the worst in the system, we conclude that the buffer
structure proposed is not potentviz-a-vizthe predicted machine
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Fig. 14. DT-BN identification:N = 20, i = 7; 8.

Fig. 15. DT-BN identification:N = 20, i = 5; 6; 7; 8.

reliability, and an improvement of the performance may be
obtained by modifying the capacity of the buffers.

To protect the DT-BN, we increase the capacity of the buffers
in front and after Op. 8 from 1 to 20. The resulting performance
is shown in Fig. 14; DT-BN now is Op. 6. Increasingand
to 20, we calculate that the new DT-BN is Op. 14 (Fig. 15). Pro-
tecting this operation by larger buffers, we arrive at the system in
Fig. 16, where the DT-BN is Op. 2. Since this is the slowest ma-
chine in the system and since the production rate (1166 parts/h)
is close to that of Op. 2 in isolation (1188 parts/h), we conclude
that the buffer structure arrived at is potent.

The plant management incorporated these recommendations
into the final design of the system. At present, the system is fully
operational and, according to production personnel, operates at
the level predicted by this study. Unfortunately, no quantitative
information to this effect could be obtained from the plant.

Fig. 16. DT-BN identification:N = 20, i = 5; 6; 7; 8; 13; 14.

VI. CONCLUSIONS

This paper presents a simple method for DT-BN identifica-
tion in serial production lines with Markovian machines (i.e.,
when uptime and downtime are distributed exponentially). The
information necessary for its application is the average uptime
and downtime of the machines and the frequency of their block-
ages and starvations. Both can be measured on the factory floor
during the normal system operation. Alternatively, they can be
evaluated using the performance analysis technique described
in Section III. Thus, the results of this paper provide a practical
tool for BN identification in large volume manufacturing envi-
ronment.

APPENDIX

PROOFS FORSECTION III

To prove Theorem 3.1, we need the following facts.
Lemma A.1:Function , , de-

fined in (3.2), has the following properties:

a) monotonically increasing in ;
b) monotonically decreasing in ;
c) monotonically decreasing in ;
d) monotonically increasing in ;
e) monotonically decreasing in ;
f) takes values in (0,1).

Proof: For the case , where and
, rewrite as follows:

(A.1)

where and
. Differentiating

the denominator of (A.1) with respect to , we obtain (A.2),
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shown at the bottom of the page. Consider two cases:
and . If , we have

and (A.3)

Introduce by (A.4), shown at the bottom of the page. Since
, , and

(A.5)

function takes values in .
Substituting the value of into (A.2), we obtain

(A.6)

i.e., the denominator of (A.1) is monotonically decreasing in.
Therefore, using (A.6) and the fact that the numerator of (A.1)
is monotonically increasing in

A.7)

If , we have

and (A.8)

From (A.4), (A.5), and (A.8)

(A.9)

Hence, using (A.2)

(A.10)

Similarly, statement a) holds for the case as well.
If , calculating yields

where , ,
, and . Thus,

is defined in the first equation
shown at the bottom of the next page. Therefore, we get the
middle equation shown at the bottom of the next page, i.e.,

is monotonically increasing in for the
case . Similarly, we obtain

This proves statement a). Statements b), c), and d) are proved
analogously.

For statements e) and f), if , from (A.1) and (A.3)

Thus, the term in the denominator of
(A.1) is positive and monotonically increasing in. There-
fore, we conclude that and

is monotonically decreasing in .
If , from (A.1) and (A.8)

which imply in (A.1) is
positive and monotonically increasing in . Hence,

and is
monotonically decreasing in .

Consider the case of . Since , using (3.1), we
get the equation shown at the bottom of the page 13. From this
expression, it is easy to see that function
is monotonically decreasing in . This completes the proof.

Lemma A.2:Consider , , , and ,
, defined by recursive procedure (3.1). If for all
, and , then for

all , , and .

(A.2)

(A.4)
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Proof (By Induction): Under the above assumption, for
, using Lemma A.1, we obtain

From the recursive procedure (3.1), due to the above inequality

For , we have

Therefore
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Lemma A.3: If for all ,
and , then for all ,

and .
Proof: Similar to the proof of Lemma A.2.

Lemma A.4:Sequences and are monotonically
increasing and sequences and are monotonically de-
creasing.

Proof: By Induction: For , due to statement f) of
Lemma A.1, we have

Assume that for

Then by Lemma A.2

So, by Lemma A.3

Proof of Theorem 3.1:Since the sequences , ,
, and , , are monotonic (Lemma A.4) and

bounded from above and below (Lemma A.1), they are conver-
gent.

To prove that , consider the steady-state
equations of the recursive procedure (3.1)

(A.11)

Define

(A.12)

From (A.11) and (A.12), we have

(A.13)

where function is defined in (3.2). Introduce two-ma-
chine one-buffer production lines , , where
the first machine has the uptime parameterand the downtime
parameter , the second and , and the buffer capacity
is . The following properties hold. Let be the produc-
tion rate of line , , and let .
Then, , . Moreover, ,

.
The proof of the above properties is as follows. From [11],

for , we have

(A.14)

Using (A.13) results in

and

Therefore, we conclude that , . In
addition, from (A.13)

As it follows from the above properties, we obtain
. Since and , we ob-

tain , i.e.,
. Therefore, .
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